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Abstract. We study equations on a principal bundle over a compact complex manifold 
coupling a connection on the bundle with a Kahler structure on the base. These equations 
generalize the conditions of constant scalar curvature for a Kahler metric and Hermite- 
Yang-Mills for a connection. We provide a moment map interpretation of the equations 
and study obstructions for the existence of solutions, generalizing the Futaki invariant, the 
Mabuchi K-energy and geodesic stability. We finish by giving some examples of solutions. 
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Introduction 



q \ In this paper we consider a system of partial differential equations coupling a Kahler 

metric on a compact complex manifold and a connection on a principal bundle over it. 
These equations, inspired by the Hitchin-Kobayashi correspondence for bundles and the 
Yau-Tian-Donaldson conjecture for constant scalar curvature Kahler (cscK) metrics, in- 
tertwine the curvature of a Hermitian- Yang-Mills (HYM) connection on the bundle and 
the scalar curvature of a Kahler metric on the manifold. 

To write our equations explicitly, let J be a smooth compact manifold and let G be a 
compact real Lie group with Lie algebra g. Let E be a principal G-bundle over X. We 
fix a positive definite inner product (•, •) on g invariant under the adjoint representation. 
Let Q k be the space of smooth /c-forms on X. Considering the space fl k (adE) of smooth 
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A;-forms on X with values in the adjoint bundle adE, the inner product of q induces a 
pairing 

Q p {adE) x Q q {adE) — -> Q p+q , (0.1) 

that we write simply as a p A a q for any a 3 - G (ad i£) , j = p, q. The unknown variables 
of the equations are a Kahler structure (g,ou, J) on the base X and a connection A on 
i£, where g, u and J are respectively the metric, the symplectic form and the complex 
structure. We will say that a Kahler structure (g,ou, J) on X and a connection A on £ 
satisfy the coupled equations with coupling constants cto,«i G M if 



AF A = z 
a S g + ai A 2 (F A AF Aj 



(0.2) 



Here S g is the scalar curvature of g, F A is the curvature of A, z is an element of q which 
is invariant under the adjoint G-action and c is a real number. The precise values of z 
and c are determined by the topology of E, the cohomology class of u and the coupling 
constants a ,ai (see Remark O and (|2TZ|) ). The map A: fi p ' 9 (ad£) -»■ flP-^-^ad-E) 
is the contraction operator acting on (p, g)-type valued forms determined by the Kahler 
structure. 

A link with holomorphic geometry is provided by the additional integrability condition 

Ff = 0, (0.3) 

between the complex structure J on the base and the connection A. Here F^ 2 denotes 
the (0,2) part of the curvature, regarded as an (ad i?)-valued smooth form on X. Let 
G c be the complexification of the group G. When (10.31) holds, the pair (J, A) endows the 
associated principal G c -bundle E c = E x G G c with a structure of holomorphic principal 
bundle over the complex manifold (X, J) . 

The moment map interpretations of the constant scalar curvature equation for a Kahler 
metric (cscK) and the HYM equation provide a guiding principle, leading to (I0.2p . Indeed, 
equations (10.21) have an interpretation in terms of a moment map. This is the subject 
of 5TJ and £j2j As observed by Fujiki [21] and Donaldson [17], the cscK equation has 
a moment map interpretation in terms of a symplectic form u on the smooth compact 
manifold X. The group of symmetries of the theory for cscK metrics is the group % of 
Hamiltonian symplectomorphisms. This group acts on the space J % of integrable almost 
complex structures on X which are compatible with u, and this action is Hamiltonian 
for a natural symplectic form uj on J 1 . The moment map interpretation of the HYM 
equation was pointed out first by Atiyah and Bott [1] for the case of Riemann surfaces and 
generalized by Donaldson [15] to higher dimensions. Here one considers the symplectic 
action of the gauge group Q of the bundle E on the space of connections A endowed with 
a natural symplectic form ujj^. Relying on these two previous cases, the phase space for 
our theory is provided by the subspace of the product 

V Cj l xA (0.4) 

defined by the condition (10. 3p . Our choice of symplectic structure is the restriction to V 
of the symplectic form 

uj a = a uj + 4«iW4, (0.5) 
for a pair of non-zero coupling constants a = (a , a\) G M 2 . 
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Consider now the extended gauge group Q defined as the group of automorphisms of the 
bundle E covering Hamiltonian symplectomorphisms of X. This is a non trivial extension 

i^g— ->g—>n-n, (0.6) 

where Q is the group of automorphisms of E covering the identity on X, and H, as above, 
is the group of Hamiltonian symplectomorphisms of X. The group Q acts on V and 
in Proposition 12.11 we show that this action is Hamiltonian for any value of the coupling 
constants, we compute a moment map /i a , and show that its zero locus corresponds to 
solutions of (10. 2p . The coupling between the metric and the connection occurs as a direct 
consequence of the structure of Q. So, away from its singularities, the moduli space of 
solutions is given by the symplectic quotient 

M a = t i- 1 (o)/g. (o.7) 

Furthermore, u a is a Kahler form on V when ai/a > 0, for a natural (/-invariant complex 
structure on V. Hence under this condition on the coupling constants, the smooth locus 
of the moduli space of solutions (10. 7p inherits a Kahler structure. 

We see that our problem merges the well-studied theories of Hermitian- Yang-Mills con- 
nections (obtained for ai/cto > 0) and constant scalar curvature Kahler metrics (which 
correspond to ai/ao = 0) into a unique theory. We thus expect the Kahler moduli spaces 
obtained in our symplectic reduction process to have a rich geometry and topology. In §2.31 
we prove that (10. 2 p arise also as absolute minima of a purely Riemannian functional for 
G-invariant Riemannian metrics on the total space of E, providing a link to the classical 
Kaluza-Klein theory. 

In $31 which is in some sense the heart of the paper, we undertake the study of obstruc- 
tions for the existence of solutions to (10. 2p . generalizing the Futaki invariant, the Mabuchi 
K-energy and geodesic stability that appear in the cscK theory [221 |38j [12]. We do this 
geometrically, by considering the following framework. We first fix a cohomology class 
Q G H 2 (X, M) and a smooth principal G c -bundle E c — > X. Let T be the Lie group given 
by those G c -equivariant diffeomorphisms of E c which cover an element in the connected 
component of the identity of the diffeomorphism group of X. In §3.11 we associate an 
infinite dimensional canonical T-equivariant double fibration 



C 




B Z 



to the data (X, Q,E C ). Here B is the space of pairs (cj,H), where u G Q is a symplectic 
form on X and H is a reduction of E c to the maximal compact subgroup G C G c , and Z 
is a space parameterizing holomorphic structures I on E c inducing a complex structure J 
on X. The space of compatible pairs C C B x Z is defined as those elements of the product 
which induce a Kahler structure on X. Using the results of §21 in §3.11 we prove that the 
fibres of are (formally) Kahler manifolds endowed with Hamiltonian group actions. 

As a preliminary step for the study of obstructions in §3.3[ we prove in §3.21 that the 
fibres of ttz are infinite dimensional symmetric spaces (that is, each fibre has a canonical 
torsion-free affine connection V with covariantly constant curvature), with holonomy group 
contained in the extended gauge group. Note that the fibre Bj of itz over / G Z is 

fij = Kj x TZ, (0.9) 
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where /Cj is the space of Kahler forms on (X, J) in the class Q and TZ is the space of 
G-reductions of E c . When specialized to the case of trivial G c , we recover the symmetric 
space structure constructed by Mabuchi [39] and rediscovered by Semmes [H] and Don- 
aldson [18]. Our construction follows closely Donaldson's in [HI §2]. A special feature of 
the symmetric space structure on Bj is that in general it does not carry any canonical 
compatible Riemannian structure (see Remark I4.4p . A technical assumption in our con- 
struction is that the G-invariant metric in q used to define (10 .11) extends to a G c -invariant 
symmetric bilinear pairing 

where g c is the complexification of g. 

In § §3.31 and 13.41 we construct an a-Futaki character 

Tr. LieAut(£ c ,J) — ► C, 

which is a complex character of the Lie algebra of the automorphism group of the holomor- 
phic principal bundle (E c , I) and which vanishes when (I0.2p is satisfied, and an a-K-energy 

Mr. Bi — > R, 

which is convex along geodesies on Bj and bounded from below when (I0.2p is satisfied, 
provided that the symmetric space Bj is geodesically convex. Furthermore, we motivate a 
definition of geodesic stability of the orbit T ■ I and conjecture a link with (I0.2p when Tj is 
finite. We give explicit formulae for the character J-j, the functional Aii and the geodesic 
equation on Bj. When specialized to the case in which G c is trivial, we recover the Futaki 
character [22], the Mabuchi K-energy [38] and the notion of geodesic stability p2l HE] used 
in the study of the cscK equation for Kahler metrics. The contents of §3.41 will be used in 
Example 15.91 to provide an explicit situation in which there cannot exist solutions to the 
coupled equations. 

We would like to point out that the framework developed in £J3] is rather general and 
may be applied to other situations, in particular, to equations with a further coupling with 
Higgs fields. 

In §U we establish sufficient conditions for the existence of solutions to the coupled 
equations near a given solution, when the coupling constants and the Kahler cohomology 
class are deformed while the complex structure of the base manifold remains fixed. Our 
approach is based on a generalization of techniques developed by LeBrun & Simanca [35|l36] 
for the corresponding problem in the cscK theory. We fix a complex structure on X and a 
structure J of a holomorphic principal G c -bundle on E c , and consider the space of solutions 
(a;, H) of (10.21) with u; in a fixed cohomology class Q and fixed «o, «i- Then we study the 
behaviour of this space with respect to deformations of the coupling constants and the 
Kahler class in a parameter space: 

(a ,ai,n) G M 2 x ff^pf.R). (0.10) 

Before doing this, in §4.11 we introduce the notion of extremal pairs (u,H). They are 
analogues in our theory of Calabi's extremal metrics in Kahler geometry. In particular, an 
extremal pair (u>, H), with u G £1, is a solution of (10.21) if and only if the a- Futaki character 
associated to I and Q vanishes (Proposition 14. 2p . In §4.3l we study the linearization of (10. 2 p 
and in §4.41 we prove that when ai/a > 0, any solution of the coupled equations (10. 2p can 
be deformed into an extremal pair, for small deformations in the parameter space (IQ.lOp 
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(Theorem I4.10p . In §4.51 we obtain a criterion for the existence of solutions of (I0.2p in the 
weak coupling limit a\ — »■ 0, i.e. for < |ai/ao| <C 1 (Theorem 14. 18[) . 

In §0 we discuss some examples of solutions of (10. 2p and explain how the existence of 
solutions to the limit case a = can be applied, using results of Y. J. Hong in [25], to 
obtain cscK metrics on ruled manifolds. As for the examples, in §5.1l we deal with the case 
of vector bundles over Riemann surfaces and projectively flat bundles over Kahler manifolds 
satisfying a topological constraint. In both situations, the coupled system ( 10. 2 j) reduces 
to the limit case a\ — (cscK equation and HYM equation). When dime A > 1, we use 
Theorem 14.101 to deform the Kahler class and provide non-trivial examples of solutions. 
In §5.2l we consider homogeneous Hermitian holomorphic vector bundles over homogeneous 
Kahler manifolds. In §5.31 we discuss some (well known) examples of stable bundles over 
Kahler-Einstein manifolds where Theorem 14.181 applies. Section 15.31 provides examples of 
solutions in which the Kahler metric is not cscK and also examples where the invariant Ti 
obstructs the existence of solutions for small ratio of the coupling constants. 

Coupled equations for metrics and connections have of course been studied for a long time 
in the context of unified field theories in physics and more recently in string theory (see e.g. 
[5"Uj I3T1 E] ) . They have also been considered in the context of Riemannian geometry, like 
the Eintein-Maxwell equations on 4- manifolds studied in [34] . Our motivation, however, 
for this work has been to find a Kahler analogue of these situations. Another important 
motivation for us comes from the relation with algebraic geometry, in particular with the 
moduli problem for pairs consisting of a polarised manifold and a holomorphic bundle 
over it. Despite its intrinsic mathematical interest and its relevance in theoretical physics, 
the latter problem has been little explored, probably due to the hard technical difficulties 
which arise in the algebro-geometric approach as soon as the complex dimension of the 
base is greater than 1 (see [25J ITDJ H3j for the case of curves, and [17] for some work in 
higher dimensions). Throughout this paper we hope to show that the study of our coupled 
equations provides a reasonable differential-geometric approach to the moduli problem for 
bundles and varieties, giving compelling evidence of the existence of a Hitchin-Kobayashi 
correspondence for the coupled equations as has been conjectured in [25] . 

Acknowledgements. We want to thank Olivier Biquard, David Calderbank, Simon Don- 
aldson, Nigel Hitchin, Julien Keller, Alastair King, Ignasi Mundet i Riera, Vicente Munoz, 
Julius Ross, Ignacio Sols, Jacopo Stoppa and Richard Thomas for helpful discussions and 
suggestions. We also wish to thank the Max Planck Institute for Mathematics (Bonn), and 
the Isaac Newton Institute for Mathematical Sciences for their hospitality and support. 
MGF thanks Instituto de Ciencias Matematicas (Madrid), Imperial College (London), 
University of Paris 6 and Humboldt University (Berlin) for their hospitality. 

1. HAMILTONIAN ACTION OF THE EXTENDED GAUGE GROUP 

In this section we define the extended gauge group Q of a bundle over a compact symplec- 
tic manifold, an extension of the infinite dimensional Lie groups involved in the moment 
map problems for the HYM and the cscK equation. We show that the action of Q on the 
space of connections of the bundle is Hamiltonian and compute an equivariant moment 
map. Symplectic reductions by Lie group extensions have been studied in the literature 
in various degrees of generality (see [ID] and references therein). Previous work includes 
split group extensions and more general ones, although it seems that the moment map 
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calculations of §1.3[ based on Proposition 11.3] have not been previously made (cf. jlQl 
§3-2]). 

1.1. The Hermitian— Yang— Mills equation. First we set out some notation in order 
to review the moment map interpretations of the HYM equation. Let X be a compact 
symplectic manifold of dimension 2n, with symplectic form u, G a real compact Lie group 
with Lie algebra q, and E a smooth principal G-bundle over X, with the G-action on the 
right. In the sequel ui^ will denote The spaces of smooth fc-forms on X and smooth 
fc-forms with values in any given vector bundle F on X are denoted by fl k and Q k (F), 
respectively. Fix a positive definite inner product on g, invariant under the adjoint action, 
denoted 

(v) :g®s— >JR. 

This product induces a metric on the adjoint bundle &dE = E x G g, which extends to a 
bilinear map on (ad EQ-valued differential forms (we use the same notation as in [3J §3]) 

tt p (&dE) x n q (adE) — > tt p+q : (a p ,a q ) i — ► a p A a q . (1.1) 

We consider the operator 

A = A w : tt k — ► Q k ~ 2 : ij) i— > (1-2) 

where (j is the operator acting on fc-forms induced by the symplectic duality (j : T* X — > TX 
and j denotes the contraction operator. Its linear extension to Q k (a.dE) is also denoted 
A : Q k (adE) — > Q k ~ 2 (adE) (we use the same notation as, e.g., in [15]). 

Let A be the set of connections on E. This is an affine space modelled on i7 1 (adS), with 
a left action of the gauge group Q of E, i.e. the group of G-equivariant diffeomorphisms 
of E covering the identity map on X. The 2- form on A defined by 

co A (a,b) = [ af\bf\uj [n - 1] (1.3) 
Jx 

for a, b e TaA = Q l (a.dE), A 6 A, is a ^-invariant symplectic form. As observed by Atiyah 
and Bott 0] when X is a Riemann surface and by Donaldson [151 IB] m higher dimensions, 
the ^-action on A is Hamiltonian, with equivariant moment map fig: A — > (LieC?)* given 
by 

(ng(A),()= [ CAlAF.-^W, (1.4) 
Jx 

for A G A, C ^ LieC? = f2°(ad.E), where G f2 2 (ad.E) is the curvature of A G ^4 and z is 
an element of the space 

3 = G (1-5) 
of elements of q which are invariant under the adjoint G-action, that we identify with 
sections of adE. Recall that the moment map satisfies 

for all C G Lie^, where is the vector field on A generated by the infinitesimal action of 
(, and equivariance means that, for all g G Q and A G A, 

fig(g-A)=Ad(g~ 1 Yfig(A). 

Suppose now that X is a Kahler manifold, with Kahler form u and complex structure 
J. Consider the complexification G c of G and the associated principal G c -bundle E c = 
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E x G G c , where G acts on G c by left multiplication. There is a distinguished ^-invariant 
subspace 

A 1 / cA (1.6) 

consisting of connections A with i 7 ^ G Qj (adE 1 ), or equivalently satisfying F^' 2 = 0, 
where f2j 9 (ad.E) denotes the space of (ad i?)-valued smooth (p, q , )-forms with respect to J 
and is the projection of Fa into Qj (adE). This space is in bijection with the space 
of holomorphic structures on the principal G c -bundle E c over the complex manifold (X, J) 
(see HSn. 



Definition 1.1. A connection A G A 1 / 1 is called Hermitian-Yang-Mills if it satisfies the 
Hermitian-Yang-Mills equation 

AF A = z. (1.7) 

Remark 1.2. The element z G 3 in the right-hand side of (11.71) is determined by the 
cohomology class := [w] G H 2 (X) and the topology of the principal bundle This 
follows after applying (zj,-) to (II. 7J , for an orthonormal basis {zj} of 3 C g, and then 
integrating over X, we obtain 

""^ Vol^ ^ (L8) 

3 

Here, fiM := Q k /k\, Vol Q := J x u' n ' = (fiM, [X]) and ^-(S) := A F A ] G i/ 2 (X) is the 
Chern-Weil class associated to the G-invariant linear form (zj, •) on g, which only depends 
on the topology of the bundle E (see [33], Ch XII, §1]). 

The moduli space of Hermitian-Yang-Mills connections is defined as the set of classes 
of gauge equivalent solutions to (11.71) . This coincides with the quotient 

fi g \o)/g, (1.9) 

where fig is now the restriction of the moment map to A 1 ] . Away from its singularities, 
Aj inherits a complex structure compatible with and hence a Kahler structure. Thus 
the smooth locus of Aj is a Kahler manifold endowed with a Hamiltonian ^-action and 
hence, away from singularities, the moduli space of Hermitian-Yang-Mills connections can 
be constructed as a Kahler reduction, which, if non-empty, is a finite-dimensional Kahler 
manifold. 

1.2. Hamiltonian actions of extended Lie groups. Consider a general extension of 
Lie groups 

l^Q^g^H^l. (1.10) 

We will describe now, under certain assumptions, the Hamiltonian action of Q on a sym- 
plectic manifold, in terms of Q and H. In the next section we will apply this general set 
up to the case in which the symplectic manifold is the space of connections of a bundle 
and Q is the extended gauge group mentioned in the introduction — this may explain the 
notation. 

The extension (jl.lOp determines an extension of Lie algebras 

-»■ Lie£ LieQ ^ LieU ->• 0, (1.11) 

where the use of the same symbols t and p should lead to no confusion. Note that the short 
exact sequence (11.111) does not generally split as a sequence of Lie algebras, but it always 
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does as a short exact sequence of vector spaces. Let W C Hom(Lie(/, LieQ) be the affine 
space of vector space splittings. Since Q C Q is a normal subgroup, there is a well-defined 
(/-action on W, given by 

g-9: = Ad(g) o9o Ad^ 1 ), for g G £?, 9 G W. 

Let A be a manifold with an action of the 'extended' Lie group Q. Suppose that there exists 
a (/-equivariant smooth map 9: A — > W. Let be a symplectic form on A preserved 
by the (/-action. Using 9, we will characterise the existence of a (/-equivariant moment 
map for this action in terms of Q and H. The case considered in this paper (see §1 .3j) 
is an example where such a 9 exists. Observe that if A is a point, then 9 determines an 
isomorphism LieQ = LieQ x Lie"H, which shows that in this case the existence of 9 is a 
very strong condition. 

Suppose that the (/-action is Hamiltonian, with (/-equivariant moment map fig: A — > 

(LieQ)*. We can use 9 to decompose this map into two pieces corresponding to LieQ and 
LieH. Consider 9 1 - uniquely defined by Id — 1 o 9 = 9 ± o p, where 1 and p given in fll.lOp . 
Then the map 

W — > Hom(Lie H, Lie Q) : 9 1 — > 9 ± 
is (/-equivariant, where the (/-action on Hom(Lie'H, Lie(/) given by 

g-9 ± = Ad(g)o9 ± oAd(p(g- 1 )) 
for g G Q. Moreover, the map 

9 L : A — > Hom(Lie H, Lie Q) 

is (/-equivariant and we can decompose the moment map as 

fag,O = (Hg,t0O + (Hg,e ± p(O), (1.12) 

for all £ G Lie Q, where the summands in the right hand side define a pair of (/-equivariant 
maps fig: A — > (LieQ)*, oq: A — > (LieH)*, given by 

(Vg,() '■= (Vg,i(), for all ( G LieQ, 
(cre,v) '■= (a^i^ 7 ?)) fo r & H V e LieH. 

Note that since Q is a normal subgroup of Q, we can require the map fig to be (/-equivariant. 
It is now straightforward from the moment map condition for fig to check that fig is a 
moment map for the (/-action on A, i.e. d{fig, () = jCoU for all ( G LieQ. In order to see 
that ag satisfies a similar infinitesimal condition, giving our characterization of Hamiltonian 
(/-action, we first introduce some notation. Given a smooth map ( : A — > Lie Q, denotes 
the vector field on A given by 

Yc\a-=t + eMtU)-A, (1.13) 
at \t=o 

for all A G A. In particular, 9: A — >■ W induces a map 

Y e x : LieH — 4 Sl°(TA) : 77 1— > Y d ± v . 



Note also that, by definition, d9 is a (/-invariant Hom(Lie?^, Lie (/)-valued 1-form on A. 
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Proposition 1.3. The Q-action on A is Hamiltonian if and only if the action of Q C Q on 
A is Hamiltonian, with a Q-equivariant moment map fig: A — > (LieQ)*, and there exists 
a smooth Q-equivariant map oq: A^t (LieH)* satisfying 

Y 9 ± v juj a = (n g ,(d6,r})) + d(a e ,r]}, (1.14) 

for all 7] G Lie"H. In this case, a Q-equivariant moment map fig: A — > (LieQ)* is given by 

(j*g,0 = (to,OQ + (<re,P(0)> for all (e LieQ. (1.15) 

Proof. To prove the "only if" part it remains to check (II. 14p . This follows by definition, 
differentiating in ( II .12ft and using that 

d(fjLg,9() = (dfig,9() + (fig, (d6,r]}} and 
Y^juj = Yqqjuo + Y e ± v juj, with r] := p((), 

where the first equation is obtained applying the chain rule, and the second one holds 
because ( = 9C, + 9 ± rj and Y^ is linear in (. The "if" part is straightforward from the 
statement and is left to the reader. □ 

Note that condition (11. 14j) for o~q generalizes the usual infinitesimal condition Y v _iu A = 
d(fi-H) v) iv e ^) f° r moment maps fi-u for the induced "H-action on A when the Lie group 
extension (ll.lOp splits. 

1.3. The extended gauge group action on the space of connections. We apply 
now the general theory developed in §1.21 to compute the moment map for the action of 
the extended gauge group of a bundle over a compact symplectic manifold, on the space of 
connections. 

Let X be a compact symplectic manifold of dimension 2n, with symplectic form u. 
Let G be a Lie group and E be a smooth principal G-bundle on X, with projection 
map it : E — > X. Let "H be the group of Hamiltonian symplectomorphisms of (X, u) and 
Aut E be the group of automorphisms of the bundle E. Recall that an automorphism 
of E is a G-equivariant diffeomorphism g: E — > E. Any such automorphism covers a 
unique diffeomorphism g: X — > X, i.e. a unique g such that it o g = g o jr. We define 
the Hamiltonian extended gauge group (to which we will simply refer as extended gauge 
group) of E, 

Q C Aut E, 

as the group of automorphisms which cover elements of H. Then the gauge group of E, 
already defined in §!.![ is the normal subgroup Q C Q of automorphisms covering the 
identity. 

The map q assigning to each automorphism g the Hamiltonian symplectomor- 

phism g that it covers is surjective. To show this, let h e "H. By definition there exists a 
Hamiltonian isotopy [0, 1] xl^l: (t, x) i— >• h t (x) from ho = Id to hi = h, which is the 
flow of a smooth family of vector fields r)t G Lie?/, i.e. with dh t /dt = i] t o h t (see e.g. jl2l 
§3.2]). Choose a connection A on E. Let ( t £ LieC? be the horizontal lift to E of rj t given 
by A. The vector fields ( t are G-invariant so their time-dependent flow g t exists for all 
t G [0, 1] and the g t : E — > E are G-equivariant. Since ( t is a lift of r] t to E, its flow g t 
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covers h t (i.e. h t = g t ), so in particular g t G Q for all t and g\ G Q covers h = h\. Thus p 
is surjective. We thus have an exact sequence of Lie groups 

l->g -t+g-Z+n^H, (1.16) 

where i is the inclusion map. 

Remark 1.4. Note that the sequence (I1.16P is exact even when the structure group G and 
the base manifold A are non-compact. The crucial fact is that % lies in the identity 
component of the diffeomorphism group Diff A of X (see [TJ for further details). 

There is an action of Aut E, and hence of the extended gauge group, on the space A 
of connections on E. To define this action, we view the elements of A as G-equivariant 
splittings A : TE — > VE of the short exact sequence 

->■ VE — > TE — ► tt*TX -> 0, (1.17) 

where VE 1 = ker efar is the vertical bundle. Using the action of g G Aut -E on TE, its action 
on ^4 is given by g ■ A := g o A o g^ 1 . Any such splitting A induces a vector space splitting 
of the Atiyah short exact sequence 

-»■ Lie Lie(Aut E) -A Lie(Diff A) — > (1.18) 

(cf. |H equation (3.4)]), where Lie(Diff A) is the Lie algebra of vector fields on A and 
Lie(Aut E) is the Lie algebra of G-invariant vector fields on E. This splitting is given by 
maps 

6 A : Lie (Aut E) — >Lie£, ^:Lie(DiffA) — ^Lie(AutE) (1.19) 

such that l o 6 a + &a ° V = W, where 9a is the vertical projection given by A and Q\ the 
horizontal lift of vector fields on A to vector fields on E given by A. 

Lemma 1.5. Let A G A, ( G Lie(Aut E) and ( := p(() G Lie(Diff A). T/ien the infinites- 
imal action Yqa £ TaA = Q 1 (ad E) of ( on A is given by 

Y C \ A = -d A (e A C)-^F A , (1.20) 

where d A '- Q k (adE) — > Q k+1 (&dE) is the covariant derivative associated to A. 

Proof. By the Leibninz rule, for all v G Q°(TE), 

^ {e t( o A o e -*C( v )) = e A [C, «] - [C, A v] = A [C, v - 6 A v], 
at |t=o 

where in the second equality we have used the fact that £ covers a vector field (onX, so 
that the vector field [£, is vertical. It is easy to see that this expression is tensorial in v, 
so at each point of E it only depends on its projection n^v. Hence the vector Yqa £ T A A, 
regarded as an element of fi 1 (ad-E), is given by 

y C \ A (v) = OaIC eiy] = [6 A (, eiy] + e A [eic, oiy] 

= (-dA(e A Q-£jF A )(y), 
for any y G Q°(TX), where we have used the formulae 

yjd A C=[6iy,C], F A (y,y') = -6 A [eiy,0^y') (1.21) 

(see the equation before (4.2) and the equation after (3.4) in [4] and note that we are using 
a different sign convention for the curvature). □ 



COUPLED EQUATIONS FOR KAHLER METRICS AND CONNECTIONS 11 

The splitting (I1.19P restricts to a splitting of the exact sequence 

Lie g Lie Q Lie U -»■ (1.22) 

induced by (jl.lfip . Following the notation of §1.21 it is easy to see that the map 

e:A—>W:At—>e A (1-23) 

is a ^-equivariant smooth map. It is also clear that the (/-action on A is symplectic, for 
the symplectic form (11.31) . The methods of §1.21 apply here to provide a moment map. To 
see this, we use the isomorphism of Lie algebras 

LieH = C™(X), (1.24) 

where Lie"H is the Lie algebra of Hamiltonian vector fields on X and C£°(X) is the Lie 
algebra of smooth real functions on X with zero integral over X with respect to uo^ n \ with 
the Poisson bracket. This isomorphism is induced by the map C°°(X) — > Lie"H: h- >■ 77^, 
which to each function assigns its Hamiltonian vector field 77^, defined by 

dip = rj^ju. (1-25) 

Proposition 1.6. The Q-action on A is Hamiltonian, with equivariant moment map 
fig-. A — > (Lie£/)* given by 

(j*g,C) = (toM + (^P(O), for allCe LieQ, (1.26) 
where fig : A — > (Lie£)* and a: A — > (LieU)* are given by 



(fig, 9() (A) = / e A (A(AF A -z)uW 



X 

1 < ,2 



1.27) 



(a,rn){A) = -- I <f>A 2 ((F A -z)A(F A -z))^ 



x 



where z = if n > 1, and by 

(fig, 9Q (A) = [ 9 A (A(AF A -z)J n \ 
Jx 

(a,^)(A)= / 4>F A A z, 
if n=l, for allAeA,(f)e C^(X). 



:i.28i 



X 



Proof. The result follows, by Proposition [Ol from the facts that fig and a are ^-equivariant, 
which is immediate from (I1.27P by the change of variable theorem, and the map a defined 
by (OB satisfies fOIj) . To show this, let ( G Lie(AutE), A G A and note that Oif 
also applies to maps £: A — > Lie(Aut E) (with Yq A defined by ( I1.13P ). In particular, 

Y e x v (A) = -7]jF a , for 77 G Lie ft. 
The Hom(LieH, Lie(?)-valued 1-form d9 on A is given by 

d9(a) : Lie"H — > Lie g : 77 1 — > (d9{a),rj) = a{rf), 

for A & A and a G T A A = Q 1 (adE). For the last term of the right hand side of ()1.14p . 
suppose first that n > 1. Note that given A G A, we have 

A 2 ((F A - z) A (F A - z))u [n] = 2(F A - z) A (F A - z) A w [ ™- 21 . 
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Let a G T A A, rj = r)<j> G LieT-L, where <p G Cg°(A). Using the path A t = A + ta, we obtain 

d(a,T,){a) = -~ [ <j>(F At -z)A(F At -z)AJ n -^ 
l at\t=o J x 

= - [ <j> d A a A (Fa - z) A co [n - 2] (1.29) 
Jx 

= [ (77 jw) AaA(F A -i) Aw M . 

Here we have used the identity dF At /dt = d A a for £ = in the second equality and we 
have integrated by parts using d<j) = rjju and the Bianchi identity d A F A = in the last 
equality. To compute the integral in the last equality, note that dim A = 2n implies 
(a A F A ) A u'^ 1 = 0, so contracting with 77 we obtain 

a A Fa A (77 jw) A u [ "- 2] = a(r}) A AF A u [n] -a A {t]jF a ) A J n ' 1] , 

using the identity F A A u [n - 1] = AF A u [n] . The same argument shows that 

a A A (r]ju) A J n - 2] = 0(77) A zJ n] . 

77 — 1 

Combined with (jl.29j) . we thus obtain ( II. 14ft : 

d(a, r]){a)= [ a A {r]jF A ) A u^ 1 - [ a{r]) A (AF A - z)u [n] 
Jx Jx 

= P^jwaXo) - (fig, (d9(a),r])). 
The calculation when n — 1 is similar, using the equality 

a A z(r]_iuj) = a(r)) A zu. □ 

2. The coupled equations 

In this section we give a moment map interpretation of the coupled equations (10. 2ft 
for the action of the extended gauge group, introduced in ^TJ We also define a purely 
Riemannian functional, the Calabi- Yang-Mills functional, whose absolute minima over 
the phase space are precisely the solutions of the coupled equations, that we interpret in 
terms of the Kaluza-Klein theory for G-invariant metrics on the total space of the bundle. 
With this purpose we first recall the moment map interpretation of the cscK equation 
given by Fujiki and Donaldson. 

2.1. The Hermitian scalar curvature. The moment map interpretation of the scalar 
curvature was first given by Fujiki (21] for the Riemannian scalar curvature of Kahler man- 
ifolds and generalized independently by Donaldson [T7j for the Hermitian scalar curvature 
of almost Kahler manifolds. Here we follow closely Donaldson's approach. 

First we recall the notion of Hermitian scalar curvature of an almost Kahler manifold. 
Fix a compact symplectic manifold X of dimension 2n, with symplectic form u. An almost 
complex structure J on X is called compatible with u if the bilinear form gj(-,-) := J-) 
is a Riemannian metric on X. Any almost complex structure J on A which is compatible 
with u defines a Hermitian metric on T*X and there is a unique unitary connection on 
T*X whose (0,1) component is the operator Bj: — > fij 1 induced by J. The real 2-form 
Pj is defined as — i times the curvature of the induced connection on the canonical line 
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bundle Kx = A^T*X, where i is the imaginary unit y/— 1. The Hermitian scalar curvature 
Sj is the real function on X defined by 

SjJ n] = 2 PJ Aw'"" 11 . (2.1) 

The normalization is chosen so that Sj coincides with the Riemannian scalar curvature 
when J is integrable. The space J of almost complex structures J on X which are 
compatible with u> is an infinite dimensional Kahler manifold, with complex structure 
J : TjJ — > TjJ and Kahler form uj j given by 

J$ := J$ and := - / tr( J^$)w [n] , (2.2) 

2 J x 

for $, \P E TjJ, respectively. Here we identify TjJ with the space of endomorphisms 
$: TX — > TX such that $ is symmetric with respect to the induced metric u(-,J-) and 
satisfies $J = - J$. 

The group % of Hamiltonian symplectomorphisms h: X — > X acts on J by push- 
forward, i.e. h ■ J := h* o Joh^ 1 , preserving the Kahler form. As proved by Donaldson [I7J 
Proposition 9] , the ^-action on J is Hamiltonian with equivariant moment map : J — > 
(LieH)* given by 

{MJ),V*) = ~ [ <t>SjJ n \ (2.3) 
Jx 

for G C$°(X), identified with an element ^ in Lie"H by ffL24l) and (TL25D . The "H- 
invariant subspace J 1 <Z J oi integrable almost complex structures is a complex subman- 
ifold (away from its singularities), and therefore inherits a Kahler structure. Over J~ l , the 
Hermitian scalar curvature Sj is the Riemannian scalar curvature of the Kahler metric 
determined by J and u. Hence the quotient 

Vtf{0)/H, (2.4) 

where is now the restriction of the moment map to J~\ is the moduli space of Kahler 
metrics with fixed Kahler form u and constant scalar curvature. Away from singularities, 
this moduli space can thus be constructed as a Kahler reduction (see [2T] and references 
therein for details). 

2.2. The coupled equations as a moment map condition. Fix a compact symplectic 
manifold X of dimension 2n with symplectic form uj, a compact Lie group G and a smooth 
principal G-bundle E on X. Let J be the space of almost complex structures compatible 
with uj and A the space of connections on E. Using the symplectic forms on A and J 
induced by uj (see (11. 3p and (12. 2p ). we define a symplectic form on the product J x A, for 
each pair of non-zero real constants a = (cto, oti), as the weighted sum 

u a = a uj + 4aiu A (2.5) 

(we omit pullbacks to J x A). The extended gauge group Q has a canonical action on 
J x A and this action is symplectic for any u a . Following the notation of §1.31 this action 
is given by 

g-{J,A) = (p(g) • J,g ■ A), 

for g G Q and (J, A) G J x A, with p as in (jl.l6p . Using the moment maps and fig 
given by (12.31) and Proposition 11.61 we obtain the following. 
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Proposition 2.1. The Q-action on J x A is Hamiltonian with respect to u a , with equi- 
variant moment map fi a : J X *4. — > (LieQ)* given by 



(2.6) 



<ji a (J,A),Q=4a 1 / 6 A CA(AF A -z)u>W 
Jx 

- [ ^( ao Sj + ai A 2 ((F A -z)A(F A -z)))J r ' 
Jx 



where z := -^4-, if n > 1, and by 



(fi a (J,A),0 — 4ai / 9 A CA(AF A -z)u- / (j)(a Sj-4a 1 AF A Az)uj, (2.7) 
Jx Jx 

ifn = l, for all (J, A) e J x A, ( e LieQ, and p(() = rj^ with <p G Cfi°(X). 

The ^-action also preserves the almost complex structure I on J x A given by 

I(j,a) = (jj,-a(J-)), (2.8) 

for all (J, a) G TjJ x T A A. Using the complex structure J on J given by (I2.2p . the 
canonical projection J x A — > J becomes now a holomorphic submersion. It is easy 
to see that, for «o, «i positive, the complex structure I is compatible with the family of 
symplectic structures (12. 5p . The formal integrability of the almost complex structure I is 
not obvious a priori, so we now provide a proof of this fact. By "formal integrability" here, 
we mean, as in [TS], that the associated Nijenhuis tensor vanishes. 



Proposition 2.2. The almost complex structure I is formally integrable. 

Proof. Since the complex structure J on the base J and the one on each fibre are integrable, 
the integrability condition for I reduces to the vanishing condition for the value of the 
Nijenhuis tensor N\ on each pair of vectors J G TjJ, a G T A A, for (J, A) G J x A. Now, 
a and J extend to vector fields on A and J7", respectively, and hence to J x A [a extends 
to a constant vector field on the affine space A and J extends to a vector field on J given 
by = (l/2)(jjj' - J'JJ)). Furthermore, 

Ni(j, a) = [I j, la] - I[I j, a] - la] - [j, a] = [I j, la] - la], 

where the brackets denote the Lie brackets between vector fields on J x A and we have 
used the fact that [I J, a] = [J, a] = because the flow of a covers the identity on J . To 
compute the remaining terms, we denote by Jt{J) the flow of any vector field J on J , 
viewed as a vector field on J x A. Then Jt{J) induces the identity on A, and hence 

^ i(i ' a)= i^ a iw)- i '4| t= o ia i^) 

= ~ a{J t {lj).) + \A a{J t {j)-) 
at\t=a dt\t=o 

= -a(JJ-) - a(jj-) = -a(JJ + JJ-) = 0, 

where a is now viewed as an element of Q l (&dE). 

Note that the vanishing of Ni(J, a) does not require any compatibility condition between 
J and co. □ 
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Remark 2.3. There is another ^-invariant almost complex structure on J x A which is 
given by I'(J,a) = (JJ,a(J-)). This is compatible with u a for a > > ati, and the 
projection J x A — > J is pseudoholomorphic for this I', but one can modify the proof of 
Proposition 12.21 to show that I' is not formally integrable. 



Suppose now that X has Kahler structures with Kahler form u. In the notation of §2.1[ 
this means that the subspace J % C J of integrable almost complex structures compatible 
with u is not empty. Define 

V CjxA (2.9) 

as the space of pairs (J, A) with J G J % and A G Aj , where A 1 ] 1 C A is the space of 
connections defined in ( II. 6p . Then V C J x A is a ^-invariant complex and hence Kahler 
subspace by construction (see also Lemma l3TTj) . 

We say that a pair (J, A) eV satisfies the coupled equations if 



AFa = z 

a Sj + ai A 2 (F A AF A ) 



(2.10) 



where Sj is the scalar curvature of the metric gj = u(-,J-) on X and c G K. These 
equations are the central subject of this paper. The set of solutions to the coupled equations 
is invariant under the action of Q and we define the moduli space of solutions as the set of 
all solutions modulo the action of Q . We have the following. 

Proposition 2.4. The subset A i „ 1 (0) C V coincides with the set of pairs (J, A) G V 
satisfying equations (I2.10p . 

Proof. Suppose that (J, A) G /^(O) and n > 1, so that z = -r^r. First, evaluating fi a (J, A) 
on elements of the form 6 A rj with rj G Lie%, we see that there exists ac'el such that 

C '~ a ° Sj =A 2 m-z)A(F A -z)) 

(2.11) 



AF A 



Zn - • ■ -|2 i ol Z7>0,2|2 



n 



2 F A - + 8F V A 



where the last equality follows from a pointwise computation (cf. (131 proof of Lemma 7.9]). 
Here, the pointwise norms are defined using the metric g,j = u(-, J-) and the inner product 
(•, •) on g and F^ 2 denotes the (0, 2) part of F A with respect to J. Second, as (jj a ( J, A), = 
for all ( G Lie Q, we have AF A = z and hence it is straightforward to see from (12. lip that 

n — 2 

a Sj + aiA 2 (F A A F A ) = c' + 2a 1 \z\ 2 G R. 

n — 1 

The converse follows also from (12. lip . This proof adapts easily to the case n — 1. □ 

Note that we have not used the fact that (J, A) G V . Observe also that c is a 'topological 
constant', i.e. it only depends on the cohomology class Q := [cu] G H 2 (X), the topology 
of the bundle E and the coupling constants «o,«i (cf. Remark ll.2p . This follows by 
integrating the second equation in (12.101) over X, obtaining 

c = a S + 2a l c 1 (2.12) 
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where S is the average of the Hermitian scalar curvature, 



f x Sju [n] 9 (ci(x)un^\[x]) 

' J>M Vol n 



(2.13) 



which only depends on the cohomology class Q G H 2 (X), and 

f x Fa A Fa A c>~ 2 ] _ (c(E) U ^ n ~ 2 \ [X]) 



(2.14) 



where c(E) := [Fa A Fa] G if 4 (X) is the Chern-Weil class associated to the G-invariant 
symmetric bilinear form (-, ■) on g, and so c only depends on Q and the topology of E 



From Proposition I2.4[ we can identify the moduli space of solutions to the coupled 
equations with the quotient 



where /i a denotes now the restriction of the moment map to V . Away from singularities, 
this is a Kahler quotient for the action of Q on the smooth part of V C J x A equiped 
with the Kahler form obtained by the restriction of oj a . 

Remark 2.5. The coupled equations (12.101) can also be written as 



Fa defined using g and the inner product (•, •) on g, and z G 3, c G R are as in (12.101) . The 
purely Riemannian nature of the second (scalar) equation in (12.161) will be used in §2.31 
The equivalence of (I2TTU]) and (I2~TBD follows from (I2TTTD using that A G A 1 / (i.e. F°' 2 = 0). 

2.3. The Calabi— Yang— Mills functional. Kahler metrics of constant scalar curvature 
arise as the absolute minima of the Calabi functional [9], which is defined as the L 2 -norm 
of the scalar curvature for Kahler metrics running over a fixed Kahler class on a compact 
complex manifold. Alternatively, we can see the cscK metrics as the absolute minima of the 
L 2 -norm of the scalar curvature defined over the space J % of complex structures compatible 
with a fixed symplectic form u (see e.g. [21] )• As a further step in Calabi's programme, in 
this section we define the Calabi- Yang-Mills (CYM) functional CYM Q . This is a purely 
Riemannian functional that intertwines the Yang-Mills functional for connections with 
the L 2 -norm of the scalar curvature of invariant metrics in the total space of the principal 
bundle E. Interpreting the elements of J x A as invariant Riemannian metrics g a on 
E, we prove that the absolute minima of CYM Q over J % x A are precisely the solutions 
(J, A) G V of (12.1 Op . We will also see that the coupled equations (I2.10p can be formulated 
in terms of the Ricci tensor and the scalar curvature of g a , when it is defined by an element 
of a suitable subspace V* C V . 

We start with a principal G-bundle E over a compact manifold X and a fixed G-invariant 
inner product (•, •) on g. Consider the G-invariant metric gy on the vertical bundle VE C 
TE induced by (•, •) via the identification of VE with the trivial bundle E x g. Using a 
connection A on E and a scaling constant a > 0, each Riemannian metric g on X lifts to 
a G- invariant Riemannian metric g a on E, given by 



(see [331 Ch XII, §1]). 



f«(O)/0, 



(2.15) 




9a = n*g + ag v (9 A -,9 A -), 



(2.17) 
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where it: E — >■ X is the canonical projection and 6a '■ TE — > V-E 1 is the vertical projection 
determined by A. Given positive constants ao, ot\ G R, we denote respectively by S 9a , vol a 
and Vol a (E) the scalar curvature and the volume form of the metric g a and the volume 
of E with respect to g a , where a = 2a.\/a.Q. We also denote by vol 9 and Vol g (X) the 
volume form of the metric g and the corresponding volume of X, respectively. We define 
the Calabi- Yang-Mills functional by the formula 

CYM ^^ : = voik //- TOl « + ^bo L |Fxl » vo1 " (2 - 18) 

for pairs (g,A), where g is a Riemannian metric on X, A is a connection on E and 

is as in (12.161) . Note that (12.18P is a weighted sum of the Calabi functional [9] for metrics 

on E and the Yang-Mills functional for E (see e.g. (201 §2.1.4]). 

Fix now a symplectic form u on X so that vol 9j = w' n ' for all J G J7, where gj = </•) 
and dimX = 2n. Although the functional (I2.18P is well defined for arbitrary Riemannian 
metrics on X and connections on E, the solutions of the coupled equations (I2.10p are the 
absolute minima of CYM a only when this functional is restricted to metrics of the form 
g = gj, where J is in the space J % of integrable almost complex structures on X which 
are compatible with u. In other words, we consider the functional 

J*xA — >R:(J,A)\ — >CYM a ( gj ,A). (2.19) 

Proposition 2.6. If (J, A) G V satisfies the coupled equations (I2.10p . then the pair (J, A) 
is an absolute minimum of the functional (I2.19p . provided that «o and ct\ are positive and 

a 1 >2aS + a 2 {c-\z\ 2 ) + 2s, (2.20) 

where a = 2o.i/(Xq, s is the (constant) scalar curvature of the biinvariant metric induced 
by (■, ■) on G, z is given by (jl.8p and S, c are as in (I2.12p . with Q — [u]. 



Proof. Note first that for any metric as in (I2.17p . 7r: (E,g a ) — > (X,g) is a Riemannian 
submersion with totally geodesic fibres (see [6j Theorem 9.59], where the G- Riemannian 
manifold playing the role of the typical fibre is G itself with its biinvariant metric). Then 
g a has scalar curvature S 9a = S a o n, where 

S a = S g - a\F A \ 2 g + s/a G C°°(X), (2.21) 

S g being the scalar curvature of g (see [HI Proposition 9.70]). Here, the group is identified 
with the fibre E x over x G X. Since the volume of E x is independent of x, we have 
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In particular, for g = gj, with J G J 1 , and c" = a S + 2a 1 (c — \z\ 2 ), we obtain 
CYM a (g, A) =^L- \\ aoSg - 2ai |F A | 2 - c "|| 2 2 + ^-\\F A \\l 



2(c"/a + s/cn) /" - . _, l2 ... N 

+ Vol n J x ( 9 " A '« " 6 
+ (c"/a + s/ct) 2 



a" 2 



Vol n 



^- \\a S g - 2a 1 \F A \ 2 g - c" Uj , 



|2 



ai — 2aS' — a 2 (c — |z| 2 ) — 2s 
+ Vol^ 

+ (s + a{c — \z\ 2 ) + s/at) (s — a{c — \z\ 2 + s/aj , 

where the L 2 -norms are defined using g, to™ and the inner product on g. Note that the last 
summand in the right-hand side of the last equation only depends on a, s, the cohomology 
class n := [u] and the topology of the bundle E. The inequality fl2.20p implies that the 
factor multiplying the Yang-Mills functional is positive, and the result follows from the 
alternative formulation (I2.16P of the coupled equations combined with (12.111) . which gives 

\\F A \\ 2 L2 = \\AF A \\ 2 L2 + 4\\F°/\\ 2 L2 - cVol n 

= \\AF A -z\\ 2 L2 +A\\F°/\\ 2 L2 

+ 2(z(E) U [X]) - (\z\ 2 + c) Vol n . 

Here, z(E) := [z A F A ] G H 2 (X) is the Chern-Weil class associated to the G-invariant 
linear form (z, •) on q, with z given by (II. 8p . so the last line in the previous equation only 
depends on Q G H 2 (X) and the topology of the bundle E (see [331 Ch XII, §1]). □ 

Remark 2.7. The inequality (I2.20p imposes no restrictions on the solutions (J, A) of (I2.10p . 
because any solution (J, A) of (I2.10p for some (a ,ai) is also a solution for the constants 
(tao,tcti), for all i el. The claim follows from the fact the RHS on (I2.20p is invariant by 
this scaling procedure. 

Remark 2.8. Fixing a complex structure on X, we can view CYM a as a functional on the 
pairs (u), A), with u as in the second part of Remark 12.51 Exactly as in Proposition 12. 6[ in 
this case a solution of the coupled equations is always an absolute minima of this functional. 

The coupled equations (12.101) can also be interpreted in purely Riemannian terms, con- 
sidering the G- invariant metrics g a on E defined by (12.171) . To explain this, note that 
given such a metric its Ricci tensor R 9a decomposes as R 9a = (R 9a )hh + (Rg a )w + {Rg a )hv, 
where the indices "/t" and u v " denote the horizontal and vertical directions in TE defined 
by the connection A, respectively. Let V* C V be the open subset of pairs (J, A) with 
A G A* — the open subset of A consisting of irreducible connections. By irreducible con- 
nection A G A we mean, as in j2Hl §4.2.2], that its isotropy group Q A inside the gauge 
group of E is minimal — the centre of G. Then a pair (J, A) G V* satisfies (12.101) if and 
only if the associated metric g a satisfies the following equations. 



(Rgjhv - 

S 9a = const. 



(2.22) 
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We thus have an interpretation of the Kahler quotient fl 2 . 1 5 [) (with fi a restricted to the 
open subset V* C V) as a moduli space of G-invariant metrics on the total space of E 
satisfying ( I2.22p . An interesting fact here is that the condition ai/a > is needed both 
to have a Kahler form u a on V given by (12. 5p (see the explanation before ( I2.15P ) and 
G-invariant Riemannian metrics g a on E, as given in ( I2.17p . 

To prove the equivalence of (I2.10p and ( I2.22p for a pair (J, A) G V*, note that J defines a 
structure of Kahler manifold on (X, u). The Hermitian- Yang-Mills equation AFa = for 
an irreducible A G Aj is equivalent to the a priori weaker Yang-Mills equation oI* a Fa = 
(see [151 Proposition 3]). This follows because if A e A 1 / is an irreducible Yang-Mills 
connection then, by the Kahler identities, 

d A AF A = AFa G Lie £4 = 3. 

Therefore the first equations in (12.161) and (12.221) are equivalent because the Yang-Mills 
equation is equivalent to the equation (R gt )hv = (see [H Proposition 9.61]). Finally, the 
second equations in (I2.16P and (12.221) are equivalent by (I2.2ip . 

Note that the system (12.221) is half way between the Einstein equation and the constant 
scalar curvature equation, in the sense that 

g a is an Einstein metric =>- g a satisfies (12.221) =>- S 9a = const., (2.23) 

for all (J, A) G V*, as any metric g a satisfying the Einstein equation R 9a = \g a (with 
A G M) has constant scalar curvature. 

3. The o-Futaki character and the oj-K-energy 

In $3] we construct obstructions to the existence of solution of the coupled equations, 
generalizing the Futaki character [22], the Mabuchi K-energy [38| 139] and the notion of 
geodesic stability [121 HH] used in the cscK Theory. For this, in § §3. 11 13. 2\ \3.3\ we develop 
an abstract framework that we apply in §3.41 to the study of the coupled equations. 

Throughout ^J3j we fix a compact real manifold X, a cohomology class Q G H 2 (X, M), 
a reductive complex Lie group G c with Lie algebra q c , a maximal compact Lie subgroup 
G C G c with Lie algebra g and a smooth principal G c -bundle 7r: E c — > X. We also fix 
z G 3 as in (jl.8p . We assume that the space of Kahler forms in Q is non-empty. 

3.1. Invariant Hamiltonian Kahler fibrations. In §3.11 we will associate to the data 
(X, ft, E c ) a canonical infinite-dimensional double fibration B <-^- C Z, equivariant 
for the action of an infinite-dimensional Lie group T, and show that the fibres of hb are 
(formally) Kahler manifolds with Hamiltonian group actions. The fibres of i\z will be 
studied in §3.21 

Let Diffo X be the identity component of the diffeomorphism group of X and Aut E° the 
group of automorphisms of E c , that is, the G c -equivariant diffeomorphisms g: E c — >■ E c . 
Any such g determines a unique diffeomorphism g: X X such that nog = g o 71. Define 
the real Lie group 

r := {g G Aut E c \ge Diff X}. 
Note that the Lie bracket in the Lie algebra Lie T of T is 



[y,y'] r = - [y,y'] 



(3.1) 
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for y, y' G LieT C Q°(TE C ), where [■, ■] is the Lie bracket of vector fields on E c (cf. [4"2| 
Remark 3.3]). 

Let Z be the space of holomorphic structures on the principal G c -bundle E c , i.e. the 
integrable G c -equivariant almost complex structures I on the total space of E c which 
preserve the vertical bundle VE C and whose restriction to VE C equals multiplication by 
>/— 1, via its identification with E c x q c . By G c -equivariance, any such / determines a 
unique integrable almost complex structure / on X such that / o dn = di\ o /. The group T 
has a left action on Z by push-forward, preserving the canonical almost complex structure 
I on Z given by 

li = II, for all / G Z, 7 G T/iT (3.2) 
(cf. (12. 2p ). where / is viewed as a G c -equivariant endomorphism of TE C . 

Recall that the space 1Z = Q°(E°/G) of smooth sections H of the bundle E c /G — >• X is 
in bijection with the set of reductions of E c to principal G-bundles Eh C -E c , via the map 
H i — V Eh '■= Pq (H(X)), where pc is the projection E c — > E c /G. Let £> be the space of 
pairs (oj, H), where u G Q is a symplectic form and H &1Z. The group T has a left action 
on B given by 

</• = (g*u,g-H), 

where (g ■ H)(x) := g(x) ■ H^g' 1 ^)) for i6l and p^o; G Q by the homotopy invariance 
of the de Rham cohomology, as g G Diff X. 

We define the space of compatible pairs as 

C := {((w, | (X, J, w) is a Kahler manifold} C B x Z. 

Note that this space is invariant under the diagonal T-action on B x Z. The canonical 
maps 



C 




B Z 



will be viewed as two fibrations with total space C, whose fibres are 

Z b := n- l {b) and Bj := tt^J) for all 6 G B, I G Z. 

Since C G B x Z is T- invariant, the fibres Bi and are invariant under the actions of the 
isotropy groups Tj C T and r& C T, respectively. 

In more concrete terms, for any I E Z, the isotropy group Tj is the group of auto- 
morphisms g of the holomorphic principal G c -bundle (E c , I) such that g G Diff X is an 
automorphism of the complex manifold (X,I). Similarly, for any b = (oj,H) G B, the 
isotropy group T b is the group of automorphisms g of the principal G-bundle E H such that 
g G Diff X is a symplectomorphism of (X,cj). Hence the extended gauge group Q b of 
Eh on (X, u) (defined in §1 .3[) is a subgroup of r&, which is normal because the group of 
Hamiltonian symplectomorphisms is a normal subgroup of the symplectomorphism group 
(see e.g. [121 Proposition 10.2]). Note also that the fibre Bi is a contractible space, as it is 

Bj = K.j x K, (3.4) 

where /C/ is the space of Kahler forms in Q on the complex manifold (X, I). The fibre Z b 
has a gauge-theoretic description. Let be the space of almost complex structures on X 
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compatible with uj and Ah the space of connections on Eh- Given b = (u, H) G B, define 

VbCj^x A H (3.5) 

as in ( 12. 9p . i.e. as the space of pairs (J, A) such that J is integrable and Fa G fij^ad 
This subspace is clearly IV invariant and has an almost complex structure I given by (12.81) . 
which is formally integrable by Proposition 12.21 Note also that for all H G 1Z, each 
connection A G Ah induces canonically a connection on E c , given by G c -equivariant maps 

6 A : TE C ->■ U£ c , ^ : vr*TX ->■ TE C , (3.6) 

where 7r: E c — >■ X is the canonical projection (cf. (I1.17P ). via the canonical isomorphism 

E c = Eh ~x g G c (3.7) 

of principal G c -bundles (with G acting on G c by left multiplication). 

Lemma 3.1. The map ttb'- C B is a T -invariant almost-complex fibration', that is, its 
fibres Zb C Z are preserved by I and their induced almost complex structures are exchanged 
by the T-action. Furthermore, the map 

l:V b — > Z: (J, A) i— ► \6 A + e\ ovrVorfvr (3.8) 

is a well-defined T^-equivariant holomorphic embedding whose image is Zb, for all b = 

(u,H)eB. 

Proof. The first assertion follows immediately from ( I3.2p . For the second, note that ( 13. 8 p 
is well defined by direct computation of the Nijenhuis tensor of I (J, A). Using the classical 
construction [49J of the Chern connection 9h,i of / G Z& on Eh, we see that the map (I3.8P 
is injective with image Z b , as 

1 = 1(1,0*,/) (3.9) 
for all / G Zb. Furthermore, ( 13. 8 j) is clearly r^-equivariant. Another direct computation 
shows now that (13.81) is a holomorphic embedding, i.e. its differential is also injective and 
exchanges the almost complex structures on V b and Z. □ 

As an immediate consequence, Zb — V b equipped with the restriction of I is a formally 
integrable complex manifold, by Proposition 12.21 Using Lemma 13.11 we can now transfer 
the constructions of £12.21 to the fibres 



Z b = I(V b ), (3.10) 

obtaining the following theorem, where the Lie groups r& C T and their normal subgroups 
Qb C Tb, parameterized by b G B, are viewed as the fibres of two Lie group subbundles 

GbCTbCBxT (3.11) 

over B. Their associated Lie algebra bundles are denoted Lie Qb C Lie r# C B x Lie V. 

Theorem 3.2. Each pair of positive real numbers «o,ai determines a structure of T- 
invariant Hamiltonian Kahler fibration 7 on ttb'. C — > B, that is, a smooth family uc of 
Kahler forms u>b on the fibres Z h , parameterized by b G B, which are exchanged by the 
T-action, and a morphism 

He: C — > (Lie Qb)* (3.12) 

of fibrations over B, whose fibre fib'- Zb — > (Lie£/&)* is a moment map for the Qb-action on 
Zb, and such that 

(fi g . b (g-I)X) = Ml),Ad(g- 1 )C) (3.13) 
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for all (b, I)eC,geT,(e Lie Q a . b . 

Proof. As in §2], we fix a G-invariant positive definite inner product on g. Suppose that 
it extends to a G c -invariant symmetric bilinear form (•,•): C <8> Q c — > C (e.g., we can 
use (■,■) := — tr(p(-) o p(-)) for a faithful representation p: G c — > GL(r, C) such that 
p(G) C U(r)). This form induces another one on the adjoint bundle &dE c = E c Xqc q c , 
which extends to a C-bilinear map 

Q p {adE c ) x Q q (&dE c ) ->tt p+q ®C: {a p ,a q ) i — > a p A a q (3.14) 

(cf. (11. ip ). which clearly is equivariant under the action of Aut E c given by pull-back. 

Fix ato, «i > 0. By the results of §2J for each b = (u, H) G B we have a Kahler manifold 

(Z b ,I,w b ), (3.15) 

where I is the restriction of (I3.2p and uj b corresponds to (12. 5p via the isomorphism Z b = V b 
of Lemma 13 .![ Furthermore, the ^-action on (Z b ,u b ) is Hamiltonian, with moment map 

to: Z b —> (Ue§ b )* (3.16) 

which corresponds to the moment map in Proposition 12.11 via the isomorphism Z b = V b of 
Lemma I3TT1 Using now the (Aut i? c )-equivariance of (13.141) . it is easy to see that u b and 
fi b are the fibres of a family uq defining a T-invariant Kahler fibration and a morphism of 
bundles as in (I3.12p . respectively. 

To prove (I3.13p . note that the actions of Aut E c on the Chern connection 9h,i of H G 1Z 
and / G Z b , regarded as a connection on E c , and on its curvature F H j e Q 2 (&dE c ), satisfy 

9 ' ®H,I = Qg-H,g li 9 ' Fh,I = Fg-H,g-I, (3-17) 

for all g G Aut E c , H <E 1Z, I E Z (cf. [15, §1.1]). Given (b, I) G C, we define 

S a (b, I) := -aoS UtI - a.Al {{F HJ - z) A (F HJ - z)) G C°°(X), (3.18) 
where z = if n > 1, and 

n— 1 ' ' 

5 a (6,J) := -aoSL,,/ + 4aiA w F Hj/ A z G C°°(A), (3.19) 

if n = 1, where 6 = (u, H) and 5^ / is the scalar curvature of (X, I, oS). By the equivariance 
of (I3.14p and the second identity in (13.171) . 

S a {gb,gI) = S a (b,I)og- 1 , (3.20) 

for all g G AutE c . Combining now (13. 9p . (I3.17P and (13 .20 p . and making a change of 
variable in (12. 6p and (12. 7p . we obtain (I3.13p . as required. □ 

Remark 3.3. The two fibrations (13.31) can be compared with those in [271 §2.C], used to see 
that the spaces of tamed and compatible complex structures on a symplectic vector space 
are contractible (cf. [121 Proposition 2.51]). 

3.2. Invariant fibration by symmetric spaces. Throughout §3.2[ we will use the 

framework introduced in §3.11 and in particular the first part of Lemma 13.11 (however, 
the isomorphism V b = Z b of Lemma 13.11 and the families ujq and pc of Theorem 13.21 will 
not be used until §3.3|) . Our task now is to construct a canonical structure of T-invariant 
symmetric space fibration' on 7r^ : C — > Z, that is, symmetric space structures on the fibres 
Bj which are exchanged by the T-action. As in §1.2| the Lie groups and manifolds consid- 
ered here are infinite dimensional, so one has to be careful with many standard results in 
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finite dimensions. In particular, the Newlander-Nirenberg theorem fails in general, so we 
use the notion of formally integrable complex structure, as in Proposition 12.21 

Let W be the space of complex structures on the real vector space underlying the Lie al- 
gebra Lie T (i.e. linear maps whose square is — Id). Consider the tautological T-equivariant 
map 

Z — >W (3.21) 

which assigns to each / the endomorphism Lie T — > Lie r : y i— > Iy. Then, since any I G Z 
is integrable, (I3.2ip satisfies the conditions 

Y m = IY ylI , [y, y'] r + I[y, Iy'] T + I[Iy, y'] r - [Iy, Iy'] T = 0, (3.22) 

for all y,y' G LieT (with [•, -]r as in (13. ip ). where 

Y y \! G 7}Z (3.23) 

is the infinitesimal action of y G Lie r on I G Z, given by the Lie derivative —L y I. 

To construct the symmetric space fibration, we first prove that Z parameterizes right- 
invariant formally integrable complex structures on the group V. Given g G T, define 

L g :T — > T : h i — >gh, R g :T — > T : h i — > hg, (3.24) 

as the left and right multiplication by g, respectively. To each / G Z, we associate a 
right-invariant almost complex structure / on T, defined for v G T g T, g G T by 

Iv = (R g )J(R g ): l v. (3.25) 

Proposition 3.4. The almost complex structure I is formally integrable, for all I G Z. 

Proof. The statement follows from the second equation in (13.221) . evaluating the Nijenhuis 
tensor Nj of / on right invariant vector fields. □ 

The next step in the construction of our symmetric space fibration relies on the follow- 
ing condition for all I G 2 such that Bj is non-empty (this property will be proved in 
Proposition 13.161) : 

(*) There exists a well-defined isomorphism of vector bundles 

Lie Qts\Bj A TBj : (6, C) >— )> Y I(]b (3.26) 
provided by the infinitesimal action of JLie^ C LieT on Bi. 
In the sequel, the inverse of (13.261) is denoted 

&: TB T ^ Lie G B{Bl . (3.27) 
Given a compatible pair (6, /) G C, we define a space 

y = y b ,i ■= {g e r | g ■ b e B T }, (3.28) 

a map 7r = 71^7-: y — >■ Bj given by 7r(g) = g ■ b and a right Traction on ^ given by right 
multiplication in T. 

Proposition 3.5. For any (b, I) G C, the following properties hold: 
(1) y is principal T^-bundle over Bj. 
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(2) There exists a canonical connection A on y , with horizontal lift 

6i: n*TBj — ► Ty-. (g,v) i— ► (R 9 )J(i(v) (3.29) 
and curvature given by 

F A (v , Vl ) = {R g U(i{v ),Ci{vi))r, (3.30) 
for all g G y and vo,vi G T g . b Bi. 

Proof. The reaction on y is clearly free, so leaving aside global topological questions, to 
prove part (1), it suffices to show that n is surjective and induces y /Y\, = Bj, that is, for 
all b' G Bj, there exists g G T such that b' — g-b. Since Bj is contractible (see (13.41) ). there 
exists a smooth curve b t on Bj with b — b, bi — b'. Let 

y t = Ki(b t ) eLier, (3.31) 
with (j given by (13.271) . Let g t G T be the flow of ?/t, defined by 

& ' ft 1 = Vu (3-32) 

with initial condition go — 1. Note that the flow gt exists for all t because yt is G c - invariant, 
so it covers a vector field y t on X, whose flow g t G Diff X exists for all t because X is 
compact (cf. (I1.16P and Remark II .4p . Now, by the Leibniz rule, 



d 
dl 



{gt 1 ■ b t ) = gt 1 ■ (-Y ytlbt + h) = o, 



because (j inverts the infinitesimal action of /Lie^ C LieT on Bj (cf. [T8| p. 17]). Thus 
g^ 1 ■ b t is independent of t, so b' — g\ ■ b, as required. 

For (2), note that the horizontal lift of curves on Bj to y determined by the flow of 
(I3.3ip defines a canonical connection A on 3^ To obtain (13.291) . let b t be a curve on Bi 
with bo = v and g G T such that g-b = bo- By definition, the horizontal lift gt of b t through 
g is the flow of (I3.3ip with go = g (recall that it exists because y t is G c -invariant). Hence 

6l(g,v) = ^- g t g- 1 g = {R g UKi{v)). 
dt\t=o 

To check (I3.30p . given y G LieT we denote by X y the associated left-invariant vector field 
on T, given by 

X y \ g := (L g )*y. (3.33) 
Since I is right invariant, [X y , I-] = I[X y , •] for any y G LieT, which implies that 

[IX yo , IXy^ = -[y ,yi} T 
for any yo,yi G LieT, by Proposition 13.41 Note also that 

#a(£> w ) = I^^Adig-^Oiv)) = IX AA{g -r Kl{v)lg = ((R g )*(IX Cl{v) ) ]g , 
for any g G y and v G T gb Bj. Hence given v , v i G T gb Bi, 
Fa(v ,Vi) = —6 A (R g )*[IX l ; I ( V0 ),IX ( ; I ( Vl )]\i 

= 0A(R 9 )*l(i(vo),(i(vi)}r = (R 9 U(i{v Q ),(i(vi)]r, 
where the first equality follows from fll.2ip and the third because 

(R 9 U(i(v ),(i(vi)]r = (L 9 ),Ad(( 7 - 1 )[C/(t;o),C/K)]r 
is a vertical vector field on y. □ 
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Given b, b' G Bj, b' = g -b for any g in the fibre of y b j over b', by Proposition 13.51 Then 
we have an isomorphism of principal bundles 

y b ,i^y b >,r-g'^g'g-\ (3.34) 

with corresponding isomorphism 1^ — ^> Ty : g' i — > Ad(g)g' between their structure 
groups. It follows from the definition of the canonical connection in terms of (I3.3ip . or 
from (I3.29p . that this isomorphism exchanges the canonical connections on these principal 
bundles. 

We are now in a position to construct the promised canonical structure of T- invariant 
symmetric space fibration' on ttz '■ C — > Z. Observe first that the connection (I3.29P induces 
a canonical affine connection 

V: n° B (TB) — > tt B (TB) (3.35) 

on Bj, obtained using the canonical isomorphism 

TBj = yx Tb Lie Q b C ad y , (3.36) 

which follows from the canonical isomorphism TBj = n*TBj/r b and the IVequivariant 
isomorphism of vector bundles 

y x Lie Q b A- n*TB T : {g, () .— > (g, Y IAd(gKlg . b ) . (3.37) 

Note also that the parallel transport r t (v) of a tangent vector v G T bo Bj along a curve b t 
on Bj, and hence the affine connection V, do not depend on the choice of the base point 
b G Bj used implicitly in the right-hand side of f)3.36p . In fact, it is given by the curve on 
TBj defined as 

r t (v) = Yr ft | 6t) where (t ■= Ad(g t )0(v). (3.38) 
Here, g t is the flow of (13.311) with g = 1. This follows from f)3.36p . (I3.37P and standard 
properties about horizontal lifts [221 P- 114]. 

Note that the canonical connections (13.291) and (13.351) are constructed exactly as for any 
finite-dimensional symmetric space (cf. e.g. [33l Ch XI, §3]) and that they are exchanged 
by the T-actions. In fact, our next result shows that (Bj, V) is a symmetric space, in a 
similar sense to [TSJ §4, Proposition 2}. 

Theorem 3.6. Let I G Z be such that Bj is non-empty. Then Bj is a symmetric space, 
i.e. it has a torsion-free affine connection V, with holonomy group contained in Q b and 
covariantly constant curvature R^j, given by 

G(i?vK v{)v 2 ) = [[Cr(v ), C/Mr, C/Mr, (3.39) 
for any b G Bj and Vq,Vi,V2 G T b Bj. 

Proof. To prove this, we relate the torsion Ty of V with the Nijenhuis tensor Nj of (r, /) 
and its curvature i?y with the curvature Fa of A. 

Let V\ and V*j be two vector fields on Bj. Then 

T V (V1, V 2 ) := V Vl V 2 - V V2 V 2 - [V u V 2 ]. 

Consider the principal T^-bundle n: y —¥ Bj associated to a fixed b G Bj. By (13.361) . TBj 
is a subbundle of ad y, so Vj induces a T b -invariant vertical vector fields Vj on y, given by 

Vj(g) = {R 9 Ui{V 3 {gb)), 
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for g G y, j = 0, 1. We claim that 

Tv(V u V 2 ) = -ditiN^Vu V 2 )), (3.40) 

and so T v = by Proposition 13.41 To see this, note first that 

TVj = &iVj and F A (V h V 2 ) = V 2 ], 

by (13.291) and (I3.30p . Moreover, by the construction of V and the definition of the covariant 
derivative d A induced by A on ad y (see (ll.2ip ). 

vv J = d A v r .= [&t(-)^) = [iV)M 

It follows then that 

N!(Vx, V 2 ) ■= [IV h IV 2 ] - I[IVi, V 2 ] - I[V h IV 2 ] - [t>i, V 2 ] 
= [Biv x , eiv 2 ) - IV^V 2 + IV^Vx + F A (V U V 2 ) 

= 0i([Vi,v 2 ]-v Vl v 2 + v V2 v 1 ) 

= -6iT v {V u V 2 ), 

and so fl3T40j) holds. 

Since the curvature i?v is induced by F A via the adjoint representation, it follows 
from (I3.30p . (I3.36P and the fact that Lie^b C LieT is a Lie subalgebra, that 

-Rv(^0,^l)^2 = i J[[Ci(«o),Ci(vi)]r,Ci(«2)]r]6' ( 3 - 41 ) 

for vo,vi,v 2 G TbBi, which implies (I3.39p . by condition (*). Hence, since the group Gb is 
normal in Ti, and Bj is contractible, it follows from ( 13.41 j) that the holonomy group of V is 
contained in Q h (see [32J Theorem 8.1]). Using (I3.4ip and the formula (I3.38P for the parallel 
transport r t of a curve on Bj, it is now straighforward that r t *i?v = -Rv? so V-Ry = 0. □ 

Remark 3.7. When H 1 (X, R) = 0, so Lie^ = LieT^, it follows from Proposition 13.5( 1) 
that the bundle y, endowed with the restriction of the formally integrable almost complex 
structure of Proposition 13.41 is an infinitesimal complexification of Tb in the sense of Don- 
aldson [TSl §4]. If in addition Tj is trivial, then there is an alternative proof of Theorem 13.61 
which does not use Proposition 13.41 In this case, the almost complex structure on y^i can 
be defined as the pull-back of the formally integrable almost complex structure on Zb by 
the holomorphic map 

ybj^Zb-.g^g-H. (3.42) 

3.3. The uniqueness and existence problem for the coupled equations. We apply 
now the framework of § §3. 11 13.21 to construct obstructions to the existence of solutions to 
the coupled equations (12.101) . 

Fix coupling constants «o,«i > 0. It follows from Proposition I2.4[ Lemma [3.11 and the 
construction of /i& in Theorem 13.21 for each b = (u, H) G £>, that the existence of a solution 
(J, A) G Vb of the coupled equations (I2.10p (for the symplectic manifold (X, cu) and the 
principal G-bundle Eh) is equivalent to the condition Hb{I) = for some / G Zb- By the 
equivariance (I3.13P of /ic, this is equivalent to the condition 

vr 2 1 (r-/)n /Uc 1 (O)^0, (3.43) 

where r • / C Z is the orbit of /. Given such an orbit, in §3.31 we construct a complex 
character Ti of the complex Lie algebra Lie Tj, which vanishes when (I3.43P is satisfied, and 
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an 'integral of the moment map' Air. Bj — >■ M, which is bounded from below when (I3.43P 
is satisfied, provided that the symmetric space Bj is geodesically convex. Furthermore, 
we motivate a definition of 'geodesic stability' of the orbit T ■ I and conjecture a link 
with (I3.43P when I7 is finite. To do this, we first reformulate condition (I3.43P in terms of 
a T- invariant family a of 1-forms 07 on the fibres Bj of tcz '■ C — > Z, defined by the formula 

a I (v):=-( / , b (I),Ci(v)), (3.44) 

for all (b, I) G C, v G T b Bj, with Q defined as in (I3.27p . Here, the T-invariance of a means 

cr g .i{gv) = aj(v) (3.45) 

for all (6, 1) eC,v E T b B u g G T. Note that flBTlBD follows from f[3"TT3"j) and the fact that 

Ad(g)0(v) = Qi(v) 

for all g G T, which is immediate from the definition of Q. Observe also that 

n z \T ■ I) n ^(0) ^ <^=> a - / G ft^-Si) has a zero. (3.46) 

Now, since 5/ is contractible (see (I3.4p ). it suffices to study 07 along curves on Bj. Let 
Vt be a vector field on Bj along a curve 6 t on £7, i.e. a curve on with V t G T 6t i?/ for 
all t. We use the standard notation Vj V* for the covariant derivative of Vt in the direction 
of fef on the symmetric space (Bj, V) (see (13.351) and Theorem 13.61) . 

Proposition 3.8. 

(1) |a 7 (^ t ) =^ t (r C/( y | / ,IF Cj(bt)|/ ) + a / (V 6t \/ t ). 

(2) 07 closed. 

Proof. To prove (1), let g 4 the horizontal lift of b t to 34 7 prescribed by the connec- 
tion (I3.29p . with g — 1. Then b t = g t ■ b (see Proposition 13 .5|) . so (13 . 13[) implies 

a I (V t ) = -(M),(t), (3.47) 
where J t := g^ 1 • J and Ct : = Ad(g t ) -1 Cr(Vt). Using (I3.22p . we obtain 

it = -g t 1 gtg t 11 = -gt Y ici(b t )\i = ~9t ^chmi" 

so using formula (13.381) for the parallel transport r t s : T bt Bi — > T bs Bi and the definition of 
covariant derivative (see e.g. [32j p. 114]), 

v h Vt : =Ts\s=t Tt ~ sl{Vt) = Tsis^ 1 ^ 9 ^- 1 ^^ 

=Y I Ad(g t )it\bt = 9tY It ^ b . 

Formula (1) follows now from this equation and the T-invariance of 07, as they imply 
a It {Y It ^ b ) = ai(V b V t ), that combined with (I3.47P imply 

jfi{v t ) = - (dfi b (i t )Xt)) - (M)Xt) 

=W6(»r ly CiW|J^r lly Cr(6t)|/) + ai ^ Y hit\b) 

since fi b is a moment map and uc is T-invariant. 

To prove (2), let V\ and V 2 be two vector fields on Bj. Then 

dai{V x , V 2 ) = V^a^)) - V 2 {a I {V 1 )) - a^, V 2 }), (3.48) 
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so, using (1) and the fact that a;g(-, I-) is a family of symmetric bilinear forms, we see that 

da I (V u V 2 ) = a I (T v (V 1 ,V 2 )), 
which vanishes because V is torsion-free, by Theorem 13.61 □ 

To define our first obstruction to (13.431) , note that Lie Ti is a complex Lie algebra for all 
/ G Z, by (13.221) and the equivariance of (I3.2ip . Given I G Z and b G Bi, combining the 
1-form a i and (I3.2ip . we obtain a C-linear map 

Tl , LieT, — ► C: C >— ► (Fi,C) ■= ivi(Y (]b ) + <Ji(Y I<:lb ). (3.49) 

By the T-invariance of a (see (I3.45P ). this map is also T-invariant, i.e. 

(F g .r,Ad(gK) = (3.50) 

for all ( G LieT/, g G T. 

Theorem 3.9. The map (13.491) is independent of b G Bj. It defines a character 

Ti : Lie Tj — > C 
o/LieT/ that vanishes if o~i has a zero. 

Proof. The proof essentially follows a previous one by Bourguignon [8]. For the first part, 
it is enough to prove that cti(Y^) is a constant function on Bi, for all ( G LieT/. Now, 
o~ i G Q 1 (Bj) is closed (by Proposition (13.81) ) and Tj-invariant (since a is T-invariant), so 

d(o-j(y f )) = -F c jc/(T/ + Ly c a/ = 0, 

and hence 07 (Y^) is constant, because Bj is contractible. The second part follows because 
J 7 j is C-linear and T^-invariant, by (I3.50p . □ 



To obtain the second obstruction, note that, by Proposition 13.81 and the contractibility 
of Bj, a i is exact and so there exists a functional 

Mi : Bx x B x ->• R (3.51) 

such that dM/(-, b) = aj and Aij(b,b) = for all b E Bj. Along a curve b t on I?/, 

M I (b t ,b)=M I (b ,b)+ f <n(b a )da. (3.52) 

Moreover, the T-invariance of a implies that 

M T (gb', b) = M g -u{b', b) + M0, b), (3.53) 
for all g G T such that gb' G -Bj (i.e. g G 34',-f)- 

Proposition 3.10. The functional Ai j(- , 6) : Z?/ — >■ R is convex along geodesies on (Bi, V). 

zs geodesically convex and oj has a zero, then Aii(-,b) is bounded from below, for all 
beBL 

Proof. The first part follows because (13.521) and Proposition 13.8( 1) imply 

^Mj(b t ,b) = = I^CMIzf ^ °> ( 3 - 54 ) 

for any geodesic b t on (Bj, V), where || • || is the L 2 -norm with respect to the metric on 



COUPLED EQUATIONS FOR KAHLER METRICS AND CONNECTIONS 



29 



For the second part, suppose b' G Bj is a zero of 07. We can suppose b' = b, because 
using f)3.52p along a curve joining b and b', we see that 

Mj(;b')=Mj(b,b')+Mj(;b). 

Now, given b" G by hypothesis there exists a geodesic b t with bo = b and b\ = b" . 
Hence 

M!(b",b) 

and so A4/(-, 6) is bounded from below by G R. □ 

Corollary 3.11. If Bj is geodesically convex, then o~j has at most one zero on Bj modulo 
the action of Tj. 







2 


ff 

/o JO 


Y Ci(bs)\I 


dsAdt>0 



Proof. Given zeros b, b' G Bj of o~i, let bt a geodesic joining them. Then 

|w|f =° 

for all t, because (I3.54p implies that 

R — >R:t\ — va{b t ) (3.55) 

is an increasing function which vanishes for t = and t = 1. Hence the flow gt of IQ(bt) 
lies in Tj for all t and g t b = b t . In particular, gib = b' . □ 



Remark 3.12. Proposition 13.81 and Theorem 13.91 hold even when ao,a\ are not positive 
(their proofs depend only on the condition that Ub is of type (1,1) with respect to I). In §4j 
we will use these facts about 07 and Ti for arbitrary ao,cti. However, Proposition I3.10[ 
Corollary 13.111 and the remainder of §3.3l depend on the assumption that a , a>i are positive, 
although Proposition 13. 141 also holds in the degenerate case a^ai = 0. 

If Zf, and Tfe are finite-dimensional manifolds and Qt = is compact, there is a 
well-known numerical condition, called the Hilbert-Mumford criterion, which character- 
izes (I3.43P (see the example at the end of §3.3|) . In this case, the principal bundle y 
of Proposition 13.51 is the complexification of Tt (by the observations about infinitesimal 
complexifications at the end of §3.2[ as formally integrable almost complex structures are 
integrable in finite dimensions), and the criterion is formulated in terms of 1-parameter 
subgroups of y. In the generality of §21 the Lie group T b may have no complexification, 
but the geodesies of the symmetric space (Bj, V) are a substitute for the 1-parameter 
subgroups, and we have the following generalization of this condition (cf. [12], [IBJ §8]). 

Definition 3.13. A point / G Z is geodesically semistable if 

lim a^bt) > (3.56) 

t— yoo 

for any infinite geodesic ray b t , t G [0,oo[, in (_B/,V). It is geodesically stable if the 
inequality ( I3.56P is strict whenever b t is non-constant. 

Observe that the limit ( I3.56P always exists, because (I3.55P is an increasing function for 
geodesic rays, by f )3.54p . Note also that the geodesic stability and semistability conditions 
only depend on the T-orbit of / G Z, because a is T-invariant and the connections on the 
fibres of ttz are exchanged by the T-action and hence so are their geodesic rays. 

In the finite-dimensional case, by the Kempf-Ness Theorem [3D], an orbit r • / G Z is 
geodesically stable if and only if (I3.43P holds and Tj is finite (see the example at the end 
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of §3.3p . The following result provides some evidence that a sensible question is whether 
this equivalence also holds in the generality of §31 at least when Bj is geodesically convex. 

Proposition 3.14. Let (b, I) G C. Then 

(1) IfTjjj := Tf, R Tj is not finite, then T ■ I is not geodesically stable. 

(2) Suppose that Bj is geodesically convex. If (I3.43P is satisfied, then T-I is geodesically 
semistable. 

Proof. For part (1), let ( G LieTj be non-zero. Let g t the flow of I(. Then b t = gtb is an 
infinite geodesic ray starting at b, because 

h = 9tYlC,\b = YAd(g t )IC\b t = YlAd(gtK\b t = r ^0- 

Furthermore, if ( G Lier fe /, then b = Yj^ ^ 0, by ( I3.26p . so b t is non-constant. Then 

a^bt) = ai(g t bo) = o- g -i(b ) = 07 (6 ) 

and so 

lim t7j(6t) = cr z (6 ) = (Ti(Ym b ) = (FiX)- 

t—toc 

There are three possibilities. If (J~i,() < 0, then part (1) is obvious. The case (J~i,C) > 
reduces to the previous one by taking the non-trivial geodesic corresponding to — /£. 
Finally, if (J 7 /, () = 0, since bt is non-trivial, then by definition / is not geodesically stable. 

For part (2), suppose that B I is geodesically convex and T • / is not geodesically 
semistable. Then there exists an infinite geodesic ray b t such that 

C := lim oj(6t) < 0, 

t— ¥00 

where ai(&t) < C for all t, as (I3.55P is an increasing function, so Aii(b t , bo) < Ct, by f)3.52p . 
Therefore M-i(-,bo) is not bounded from below, so (I3.43P cannot be satisfied, by Proposi- 
tion Gnu □ 

We would like to point out that the framework developed in § §3.21 13.31 is rather general, 
as it relies only on formal properties of the double fibration ( 13. 3p . and may be applied 
to other situations (in particular, to equations with a further coupling with Higgs fields). 
The basic ingredients are a real Lie group T, a T-equivariant double fibration (13. 3p . where 
is an almost complex manifold, and a T-equivariant map (I3.2ip satisfying (13.221) . 
It is crucial that ttz satisfies condition (*) of §3.2[ all its fibres are contractible and ttq 
satisfies the properties of Theorem 13.21 for a fibration of normal subgroups as in (13. lip 
(note that the formal integrability of the almost complex structures on the fibres of 7Tb was 
never used). 

To see how this general framework works, we conclude §3.3l by explaining how it applies 
to the standard theory of finite-dimensional Kahler quotients (as presented e.g. in [4*3| 
§5]) and its relation with Geomeric Invariant Theory (GIT). Suppose that Z is a finite- 
dimensional Kahler manifold with a left action of a complex reductive Lie group G c pre- 
serving its complex structure. Suppose also that this action restricts to a Hamiltonian 
action of a maximal compact subgroup G C G c , with G-equivariant moment map 

/i: Z — > q*, 

where g is the Lie algebra of G. To compare with § §3. 21 13.31 we define: 
• T is the real Lie group underlying G c , 
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• B = G c /G is the orbit space for the action by right multiplication of G on G c , 

• the map Z — > W of (13.211) is the constant map given by the complex structure on 
the Lie algebra $j c of G c , 

• C = B x Z and Q B = T B . 

Then the isotropy group of any G-orbit b = [g] := gG G B is 

g b = T b = M{g)G 
and the fibre of the morphism (13.261) over a point b = [g] is 

Ad(g)g ^ T g G c /T g (gG) : C — ► [fo).(iC)]- (3-57) 

Therefore (I3.26P is an isomorphism and condition (*) of §3.21 is satisfied, and hence so are 
the conclusions of Proposition 13.21 and Theorem 13.31 In this finite-dimensional case, the 
construction of the connections (13.291) and (13.351) reduce to the classical constructions of 
the canonical connections on finite-dimensional symmetric spaces (see e.g. [331 Ch XI, §3]). 
Hence, by [331 Ch XI, Theorem 3.2(3)], the infinite geodesic rays on G c /G starting at [g] 
are the curves 

[0, oo[^ G c /G: 1 1—). [e tiC g], (3.58) 

with £ G Ad(g)g. Note that the canonical projection 

ir B : G c /G x Z — ► G c /G 

is a 'trivial' G c -invariant complex fibration. However, since G c does not necessarily preserve 
uzi to view 7c B as a G c -invariant Hamiltonian fibration, we endow this map with the non- 
trivial family uc of symplectic 2-forms u b '■= g*ujz on the fibres Z b = Z, for b — [g] G G c /G. 
Indeed, the isotropy group Ad(g)G preserves u b and has moment map given by 

M/), o := (^or 1 /), AdGr^c), (3.59) 

for 6 = [gr] G G c /G, and (I3.59P defines the morphism (I3.12p of fibrations over G c /G. Using 
the isomorphism (I3.57p . we obtain the formula 

(F I ,C) = -W)Xo)-iW)Xi), 

for all I G Z, ( = ( Q + id G Qj, where Co? Ci e C - Hence Theorem 13.91 reduces to jSH 
Proposition 6 and Corollary 8]. 

Suppose now that Z is a G c -linearised projective manifold, i.e. there is a G c -equivariant 
closed embedding Z C CP^ and is the restriction of the Fubini-Study Kahler form. 
Then geodesic stability/semistability coincide with GIT stability/semistability, by the 
Hilbert-Mumford criterion. This essentially follows because any 1-parameter subgroup 

A: C* ->■ G c 

restricts to a group homomorphism A: S 1 — > Ad(g)G for some g G G c , which induces an 
infinite geodesic ray (I3.58|) starting at [g] and because the Hilbert-Mumford weight for A at 
a point I G Z is precisely the left-hand side of (I3.56p . Furthermore, the functional (I3.5ip 
is the Kempf-Ness functional [30], which provides the key tool to prove the Kempf-Ness 
theorem relating the symplectic and GIT quotients: 

M _1 (0)/G = Z//G c . 

Finally, we should remark that this theorem has been extended to non-pro jective manifolds 
(see e.g. [121 §5], [SI]). In this case, the functional (I3.5ip is the integral of the moment map 
in [121 §5] and geodesic stability coincides with analytic stability (by [131 Corollary 5.3]). 
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3.4. The a-Futaki character, the a-K-energy and the geodesic equation. We now 

prove that condition (*) of §3.21 is satisfied and give explicit formulae for the character J-}, 
the functional M.i and the geodesic equation on Bi introduced in §3.31 

Fix a complex structure on X for which Q G H 2 (X, R) is a Kahler class (i.e. it contains 
a Kahler form) and a holomorphic structure on the principal G c -bundle tt: E c — > X. These 
data determine a point I G Z. As explained in §3.3[ condition (I3.43[) for the orbit T ■ I 
is equivalent to the existence of a pair b = (u, H) G Bi such that the point (J, A) G Vh 
corresponding to / via Lemma f3.ll satisfies the coupled equations (I2.10p . In other words, 
condition (13.431) for the orbit T-I is equivalent to the existence of a solution b = (u, H) G Bj 
to the following coupled equations, where is the scalar curvature of the Riemannian 
metric gj — I-) and Fjj is the curvature of the Chern connection of H and /: 

tosH + I.AKFh A F H ) = c } ' (3 ' 60) 

By (13.461) . these equations are satisfied if and only if the 1-form <jj on Bj has a zero. Now, 
the definition of erj in (I3.44p . and in fact the whole of § §3.21 13.31 depend on condition (*) 
of §3.21 To prove this condition, note first that by (13.41) . there is a canonical isomorphism 

T 6 5/ = dd c C°°(X) ®in°(adE H ), (3.61) 

for all b = (u, H) G Bj, obtained from the (M c 4emma and from the pointwise isomorphism 
iLieG = G c /G induced by the exponential. Define now Lie(? c = ^(ad-E^) and LieQn = 
fl°(a,dEH) as the Lie algebras of the gauge group Q c of E c and the gauge group Qh of Eh, 
respectively. Consider the projection maps onto the real and imaginary parts associated 
to H en, 

Re H , lm H : Lie Q c — ► Lie Q H , (3.62) 

defined by y — Ren y + limn y for all y G Lie£ c , where we are using the canonical 
isomorphism 

Lie£ c ^ Lieg H ®iUeg H 
induced by (13. 7p and g c = g © ig. 

Lemma 3.15. The infinitesimal action of y G Lie(Aut£' c ) on H ETZ is 

Y y \ H = \ \m H (e A y), 

where 9a'- TE c — » VE C is the vertical projection induced by any connection A on Eh- 

Proof. Using the maps 9a, 9 a in (13.61) . any y G Lie(Aut E c ) can be decomposed as 

y = ilm H (9 A y) + Re H (9 A y) + 9\y, 
where y is the vector field on X covered by y. Hence the flow g~t of — y can be written as 

g-t = f-t s t 

where f t G Aut E H is the flow of Ren^Ay) + 9 L y and s t is the flow of the time-dependent 
vector field — /^(i lm H (9Ay))- Therefore, using the isomorphism T H 1Z = iV!?(a.&E H ) (also 
used in (13.611) ) and the fact that ff 1 preserves H, we see that the flow g t of y satisfies 

Y y \H = -t. 9fH=^- s^ 1 ■ H = ft*(ilm H (9 A y))\t=o = ilm H (9 A y). □ 
at\t=o at\t=o 
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Proposition 3.16. Condition (*) is satisfied. The inverse of (I3.26P is given by 

( I (v) = -iH-9j I ^eUeg b , (3.63) 
where v G T h Bi corresponds to (dd c (f) } H) G dd c C°°(X) © ifi°(ad£ H ) via fl3~B1D . 

Proof. Fix b = (u, H) G Bj. Given ( G LieT covering a vector field ( on X, we have 

Y Iclb = (-d(I(ju) } iRe H (6 H 0) (3.64) 

by Lemma 13. 15[ as I( covers I( and 9h ° I = iOn, where Oh'- TE c — > VE C is the vertical 
projection in (13.61) induced by the Chern connection of I on Eh- In particular, when 
( G Lie^, C = is the Hamiltonian vector field of some (ft G C°°(X) and (I3.64j) becomes 

Y I(lb =(-dd c <p,id H 0- (3-65) 

Hence, by (I3.6ip the infinitesimal action (I3.65P is in T b Bj and so the morphism (I3.26P is well 
defined. Furthermore, (I3.65P easily implies that (13.261) has an inverse given by (13.631) . □ 

Using the formula (I3.63p . the 1-form 07 on Bi is given by 

a I {v)=Aa l [ iHA(A UJ F H -z)uj [n] + [ <pS a {b,I)J n \ (3.66) 
Jx Jx 

for all v = (dd c (f),H) G T b Bj, where (fxj^ has zero integral on X and S a (b,I) is given 
by dSH if n > 1 and by (KT§\> if n = 1. 

The complex character Ti : Lie Yj — > C defined by (13.491) provides our first obstruction 
to the existence of solutions to (I3.60p . To give an explicit expression for J-}, note first that 

LieTj = LieAut(E c ,I) 

is the Lie algebra of the automorphism group of the holomorphic bundle (E C ,I), so each 
( G LieT/ covers a real holomorphic vector field ( on (X, /). Now, we can write 

C = V<t>i + 1*14* + Z 3 ' 

for any given a Kahler form u G JCj, where r]^. is the Hamiltonian vector field of <pj G 
C^°(X) on (X,u), for j = 1,2, and is the dual of a 1-form which is harmonic with 
respect to the Kahler metric I-) (see e.g. [36])- Using this decomposition in (13.641) . we 
see that the infinitesimal action of £ G Lie Aut(E c , I) on b = (u, H) G Bj is 

F C | 6 = (-dd c 4> 2 ,iIm H 0H(). 
Hence defining the complex-valued function <p := <pi + i0 2 , 

{Ft, C) = -4«x / H C A {KF h - z)uW - [ <ps a (b, I)J n \ (3.67) 
Jx Jx 

which must vanish if (13.601) has a solution, by Theorem 13.91 

It is now clear from formula (I3.67P that for trivial G c , J^j is the Futaki invariant [22] 
of the Kahler class Q on (X, J), up to a multiplicative factor. For non-trivial G c and 
a = 0, the character J-}, restricted to the Lie subalgebra of Lie Tj consisting of vector 
fields covering holomorphic complex Hamiltonian vector fields (i.e. vector fields that vanish 
somewhere on X), was already constructed by Futaki (see [231 Theorem 1.1]). 
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Using now (13. 52p . the a-K-energy can be written explicitly along a curve b t = (ut,H t ) 
on Bj, with oj t = u>q + dd c <f)t and <j>t^t with zero integral on X, as 

Mxik, b) =Mi(bo, b) + 4ai / [ iH s A (A LUs Fh s - z)u [ ? ] A rfs 

Jo ix 

+ / / <p s S a (b s ,I)uj [n] Ads. (3.68) 

By Proposition 13. 10^ is convex along geodesies on the symmetric space (Bj, V). 

The explicit expression of the affine connection V and its geodesic equation in the co- 
ordinates provided by the canonical isomorphism (I3.6ip are the content of the following 
proposition. 

For the next result, given b = (lo,H) G Bj, we denote by (•, -) u the metric on T*X 
associated to /•) and by dn the covariant derivative associated to the Chern connection 
of H and /. 

Proposition 3.17. (1) The Christoffel symbol T : T h B T x T h B T T h Bj is 

r(6i, b 2 ) = (-dd c (d(j)i, d(j) 2 ) w , -ir] 4>1 jd H H 2 - I-q^jdsHi + iF H (VfaJvfc) ) > 

for all bj = (dd c (pj, Hj) G T b Bj, with j = 1,2. 
(2) A curve b t = (u t , H t ) on Bj, with u t — oj + dd c (f) t , is a geodesic if and only if 

dd c ((f> t - (d<j> t , d(j) t ) wt ) = 
H t - 2I V ^d Ht H t + iF Ht ( %t ,I %t ) = 

where m is the Hamiltonian vector field of <f> t over (X,u t ). 

Proof. The proof of part (1) is a computation of the covariant derivative of a vector field 
v t = (dd c ip t , i£t) along a curve b t = (u t , H t ) on Bi, i.e. a curve v t on TBj with v t G Tb t Bj 
for all t. Recall that the covariant derivative of Vt along b t is (see e.g. [32| p. 114]) 

V bt v t : = r," 1 ^) =v t + T(b t ,v t ), (3.70) 

CLS \s=t 

where v t = (dd c ip t A£, t ) and r ttS : Tb t Bj — > Tb g Bj is the parallel transport along b t . To 
calculate ( J3,70p we compute the parallel transport T 04 (t>) of any v = (dd c (p,H) G T b Bj 
along b t using (I3.38p . Let ( t = Ad(g t )(i(v), where g t is the horizontal lift of b t to yb ,i (i-e. 
the flow of I(i{ih)) with g = 1 (see 1ET2B]) and Proposition G£5J). By (13T63|) . 

Ct = (9t)*{-iH -ejjjT]^) = -i{g t ),H- 0h t ,i t ({9t)*V<l>) = ~ Kdt)*H - Ojj^rjt, 
where i] t is the Hamiltonian vector field of <p ° g~t X over (X, w t ), so by (I3.38|) and (I3.64p . 
7b,t(6) = l/ct|6, = (^ C (0 ° 9t l )i iRe Ht 0/r«,i(- i(#t)*# - ^ t) /^t)) 
= (dd c (0o5- 1 ),Im fft ((5 t )*fl r )+^-iife,Jt -^*,/))- 

Hence we obtain 

t~i~s( v s) = (dd c (ip s o g s ), lm Ht (i(g tjS )*Q + 7? tjS j i(9 HtJs - 0ff ti /)), 

where v s = (dd c tp s , i£ s ) G T^Bj, g tyS is the flow of I(i(b s ) with = 1, 77^ is the Hamil- 
tonian vector field of tp s og t s over (X, uj t ) and J s = g^l ■ I. Thus denoting Vj, v% = (wj, wf), 



(3.69) 
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we conclude that 

w\ =dd c (i) t - dip t {ir}^ wt )) = dd c i) t - dd c (dip u dfa)^, 
w 2 t =lm Ht (ii + [ICi{k)Mt]) - i^ t ,/[/C/(&*),^ t ,/%] 
= iit + lm Ht [IO(b t )Mt} +i9 Ht j[0(b t ), ejj t>I (i^ t )} 
=v 2 + lva Ht [H t Mt] ~ K,i(H)Mt] - H t ] 

This proves (1). Note that F H and u are of type (1,1), so the torsion is T v = (cf. 
Theorem I3.6P and the geodesic equation is (I3.69p . This proves (2). □ 

Remark 3.18. When G c is the trivial group, so E c = X, Theorem 13.61 and Proposition 13. 171 
reduce to the corresponding results for the space of Kahler metrics K,j already studied by 
Mabuchi [38, 39J and Donaldson [18J. More precisely, we recover the Levi-Civita connection 
of the Mabuchi metric on the Riemannian symmetric space /C/, the functional Aii(-,b) is 
the Mabuchi K-energy [3"8"II3"§] on the space of Kahler metrics, by formula (I3.68p . and (I3.69P 
reduces to the geodesic equation on the space of Kahler metrics [39J 

4> t -(d<j) u d<p t U =0. (3.71) 

It seems plausible that the methods used by Chen & Tian [HI Q2] in their study of f)3.7ip 
could be adapted to equation (I3.69P and to the existence and uniqueness problem for the 
coupled equations. As in the case of (13.711) . this would require a reformulation of (I3.69P 
clS db complex Monge- Ampere equation. 

Note that the explicit formula for the Christoffel symbols in Proposition 13.171 provides a 
direct proof of the vanishing of the torsion Ty (cf. Theorem 13. 6p . Observe also that the two 
factors of Bj = /C/ x TZ are Riemannian symmetric spaces with holonomy groups contained 
in (see [39] and [HI §4]) and Qh, and that the holonomy group of Bj is contained in 
their group extension Qj, (see (I1.16P ). Here, the structure of Riemannian symmetric space 
on 1Z depends on the choice of an element u> G /C/. However, Proposition 13. 171 implies that 
the symmetric space structure of Bj is not the product structure. In fact, it is an open 
question whether Bj carries a Riemannian metric compatible with V (see Remark 14.41 for 
details). 

4. Extremal pairs and deformation of solutions 

Following the approach of LeBrun & Simanca [551 ES], i n this section we define two 
different extremality conditions for pairs (uj,H) (see (14. ip and (I4.52p ). establish existence 
results for extremal pairs (co, H) near solutions to the coupled equations under deformations 
of the coupling constants and the Kahler class (Theorems 14. 101 and 14. 17p and find sufficient 
conditions for the existence of solutions to the coupled equations ( Theorems 14 . 1 1 1 and 14 . 1 81) . 

In §4] we fix a complex reductive Lie group G c , an n-dimensional compact complex man- 
ifold (X, J) , with underlying real manifold X and complex structure J, and a holomorphic 
principal G c -bundle (E c , I) over (X, J) with underlying real principal G c -bundle E c and 
complex structure I (so / = J in the notation of §3. ID . We also fix a maximal compact 
Lie subgroup G C G c . The Lie algebras of G C G c are denoted q C q c , respectively. As in 
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Theorem 13.21 we fix a G c -invariant symmetric bilinear form (■,■): Q c <8> Q c — > C which re- 
strics to a G-invariant positive definite inner product on g. Finally, 3 = g G and i c = (q c ) gc 
denote the subsets of elements of g and $j c which are invariant under the adjoint actions of 
G and G c , respectively (cf. (11. 5p ). 

For simplicity, we assume n > 1 throughout §U so that the moment map for the ^-action 
on J x A is given by (12. 6p . Although the constructions of ^Ucan be easily adapted to the 
case n = 1 (replacing (12. 6p by (12.71) ). this simplifying assumption is justified by the fact 
that the system of equations (10. 2p decouples when n = 1 (see Example 15.11) . 

4.1. Extremal pairs. We start studying an extremality condition which will be useful to 
prove Theorem 14.111 Throughout §4.1| we fix a = (ao,ai) G M. 2 such that a\ 7^ 0, and a 
Kahler class Q on (X, J). Note that we will not assume ao,«i > 0, but that we can still 
apply Proposition 13.81 and Theorem 13.91 (see Remark I3.12p . We define 

Bq := JC n x 71, 

where /Cq is the space of Kahler forms in Q compatible with the complex structure J and 

n = q°(e c /g) (cf. flgap ). 

The following definition is closely related to the vanishing condition for the linearisation 
at a solution of the coupled equations (see Proposition 14.71 and Lemma l4~8j) . 

Definition 4.1. A pair b = (u,H) G Bq is extremal if it satisfies the equations 

Aa x d H KFH + Va(b)^F H = 
L Va (b)J = 

where i] a (b) is the Hamiltonian vector field on (X,u) of the function 

S a (b) := -a 3 u - ai Al ((F H - zj) A (F H - z u )) G C°°(X), (4.2) 
(cf. (I3.18P ). Here S u is the scalar curvature of the metric uj(-,J-) and z u = ztzt- 

Extremal Kahler metrics in Q, introduced by Calabi in §1], can be characterized as 
those oj G /Cn such that the Hamiltonian vector field of over (X, u) is in Lie %j [91 §2] . 
In particular, all cscK metrics are extremal. Similarly, extremal pairs admit a description 
in terms of real-holomorphic vector fields on the total space of E c . To see this, recall that 
each H G 71 induces a reduction of E c to a principal G-bundle Eh C E c (see §3.11) and 
each b = (u, H) G Bq determines a short exact sequence of Lie groups (see §1.2p 

i^g J^n^l, (4.3) 

given from left to right by the gauge group of Eh, the extended gauge group of Eh over 
(X,oo) and the group of Hamiltonian symplectomorphisms of (X,oo). This exact sequence 
induces another one 

1 -+Gi ^Gi-^ Uj, (4.4) 
where Qi = Q n Aut(£ c ,J), Qj = Q n Aut(£ c ,J) and Uj = U n Aut(X, J) are finite 
dimensional complex Lie groups (see e.g. P §2.120]). Note that the Lie algebra Lie Qi is 
given by G c -invariant real-holomorphic vector fields on the total space of (E c , I) covering 
Hamiltonian (real-holomorphic) vector fields on (X, J,u>). 

Using the horizontal lift 9 H : Lie7{ — > Lie^b, of the Chern connection associated to H 
and / (cf. (13.61) ). we define 

Ca(6) := -Aa x (KF H - z n ) - 6 HVa (b) G Lie^ 6 , (4.5) 
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for each b = (H,u) G B Q . Then it follows from ffL20l and fEUO]) that 

b G is extremal -<=>• Ca(&) G LieQi. (4.6) 

The following link between extremal pairs and the coupled equations is a generalization 
of the corresponding link for Kahler metrics (see e.g. [361 Lemma 1]). To establish this, 
note that each u G /Cq induces L 2 -inner products on C°°(X) and DP (ad Eh), given by 

{<hMu'= / 0o0i^ N , (4.7a) 

(£o,£i) w := / (e A6V N , (4.7b) 
Jx 

for 0j G C°°(Jf), £j G fi°(ad£'/f) (j = 0, 1). Their associated L 2 -norms are denoted || ■ 

Proposition 4.2. ^4 pazr 6 G Bq is a solution to the coupled equations (I3.60p if and only 
if it is an extremal pair and J- a ,ci = 0. 

Proof. If there exists a solution b = (u,H) G B n to the coupled equations (13.601) . then 
J~a,n = 0, by (I3.46P (or (13.671) ) and Theorem l3.91 and futhermore, b is obviously an extremal 
pair, since d H ^u}F H = and r) a (b) = 0. Conversely, if b = (u>,H) is extremal, i.e. ( a (b) G 
LieQi, then 

■Fa.nCCaCfr)) = 11^(6) - S a \\l + 16a 2 ||A w i^ - z\\l > 0, 

by (13.671) . where S a = J x S a (b)u^ n '/ Voln and 2; = is given by (11.81) . so J- a> n = implies 
that b satisfies (13.601) . □ 

Extremal pairs enjoy good regularity properties, similar to those of extremal Kahler 
metrics [351 Proposition 4]: 

Lemma 4.3. Let (u, H) be an extremal pair such that u is a Kahler form of class C 2 on 
(X, J) and H is a section of E c /G of class C A . Then both u and H are smooth. 

Proof. We will show by induction on I G N that to and H are Holder of class C 2l ~ 1 ^ and 
(j2i+i,p reS p ec tively, for all (3 G (0, 1) and / G N. By assumption, u and H are of class 
C 1,/3 and C 3 '^, respectively. Suppose now that u and H are of class C 21 ' 1 ' 13 and C 2l+1 '^, 
respectively. As r) a (b) is a real holomorphic vector field by (14.61) . it is real analytic, so 
dS a (b) is of class C 21 ' 1 ^, i.e. S a (b) G C 21 ^ , and hence it follows from (14.21) that the scalar 
curvature is of class C 2l ~ 1,13 , because 

A 2 ((F H - zj) A (F H - zj)) 

is of class C 2 ' -1 '^. Arguing as in [351 Proposition 4], it follows from the regularity theory 
for the Laplacian and for the Monge-Ampere equation that uj is of class C 2l+1,/3 (recall 
that the scalar curvature can be written in holomorphic coordinates as A w logdet(o;)). 
Since ( a (b), defined by (14.51) . is a real-holomorphic vector field on (E C ,I) by assumption 
(see (I4.6P ). it is real analytic and so A^Fh is of class C 21 ' 13 , because a,\ 7^ 0. Identifying 
H locally with a function on the base with values in exp(ijj) C G c and using holomorphic 
coordinates for the bundle E c , we can write 

A d H = H(X W F H - ^(d(H- 1 ) A OH)), (4.8) 

where the right-hand side is of class C 21 ' 13 and Aq is elliptic with C 2l+1,13 coefficients. By the 
regularity theory of linear elliptic differential operators, H is of class C 2l+2,13 (see e.g. [SI 
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Theorem 3.55]). Applying this argument again to (14. 5p . we see that the right-hand side of 
(14. 8 p is of class C 2l+1 '^ and so H is of class C 2l+3,/3 , as required. □ 

Remark 4.4. Note that Bq = K.q x 1Z has a Riemannian metric gn, given by 



9n(v ,v 1 )= / </Ww lnJ + / (£oA£iV" J (4.9) 
J x Jx 

for 6 = (w, #), = (0J, 0) e T 6 5q = C °°(X) x n°(adS H ) (cf. (ED])), with H = if in the 
notation of §3.41 Although this metric is rather canonical, it does not endow the symmetric 
space (-Bq, V) of Theorem 13.61 with a structure of Riemannian symmetric space, since g$i 
is not preserved in general by the canonical affine connection V on Bq constructed in §3.21 
In fact, by a straightforward calculation using formula ( 13. 4p for the parallel transport, 

(Vv 9n){vi,v 2 ) = -J (z 1 a (e H [(i(vo),ehJv<fr\) 



+ (MC/M,0j^])A6) w n. 

However, if the group G c is trivial, so Bq = JCq, then <?q is precisely the Mabuchi metric 
and V#q = 0, by the previous formula, so we recover the known fact [TSJ [39] that /Cq is a 
Riemannian symmetric space with Levi-Civita connection V, by Theorem | 



4.2. Holomorphic vector fields on the principal bundle. Given b = (oj,H) G -Bq, 
we now relate the Lie algebra LieQj (see (14.41) ) to the space of solutions to a fourth-order 
elliptic differential equation which is closely related to the linearization of our coupled 
equations. We will use the inner product on C°°(X) x Q°(&dE H ) induced by (14.71) . i.e. 
given by 

K := (0o, <Pi) u + (fo, £i)m (4-10) 
for Vj = e C°°(X) x QP(adE H ) (j = 0, 1). 

We define an operator 

P = P w : C°°(X) — y n°(EndTX) : i — > -L^J. (4.11) 

In other words, P is induced by the infinitesimal action of Lie H on J w . Let P* be the formal 
adjoint of P with respect to the L 2 -inner products on C°°(X) and f2°(EndTX) induced by 
u(-, J-), with the L 2 -inner product on f2°(EndTX) multiplied by a factor of 1/2, so that 
its restriction to TjJ coincides with uj(-,J-) (defined by (12.21) ). Then P* P is, up to a 
multiplicative constant factor, the Lichnerowicz operator of the compact Kahler manifold 
(X, J, uj). This is an elliptic self-adjoint semipositive differential operator of order 4, whose 
kernel is the set of functions such that rj^ e Lie"Hj, and which may be interpreted as 
the linearization of the cscK equation at uj (see e.g. [35]). 

We define now an operator which is closely related to the linearization of the coupled 
equations (see Proposition 14. 7p and which will play the role of the Lichnerowicz operator 
in our study of the coupled equations. The operator is 

L Q , b = (L° i6 ,l£ 6 ): C°°(X) x tt\z&E H ) — ► l7°°(X) x n°(adE H ), (4.12) 
where L° b and b are defined by 

K,b(& = «o P* P - 2«iA 2 J ((F ff - z u ) A d H J{d H £ + tj^jFh)), 
L a,b(^>0 = ^aiA w d H J(d H ^ + ti^jFh) = 4a 1 of^((i J/ f + rj^F H ). 



(4.13) 
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Here, J is the endomorphism of ^(ad-E^) induced by the complex structure J (see O 
(2.8)]), dff' fi°(ad-Ef/) —> ^(ad-E^) is the covariant derivative of the Chern connection 
of H and I and, by the Kahler identities, d* H = A^dnJ is its formal adjoint. 

Recall that the Chern connection associated to any H G 1Z and I induces a vector space 
isomorphism (see §1 .3j) 

C°°(X)/Rx n°( a dE H ) ALie&: ([0], ^ £ + (4-14) 
Let (Zb,I&,a;&) be the Kahler manifold constructed in Lemma [3. II and Theorem 13.21 
Lemma 4.5. Let Vj = [<f>j,Q G C°°(X) x fi°(adE^), /or j = 0, 1. T/ien 

(vq, L aj6 i;i) w = ^(^i/, EK Cl |/) +4ai(J^j(dff^ + rj^ 1 jF H ),A w F H - z n ) w , (4.15) 
where Y^. is the infinitesimal action of Q = + Oj^rj^. G LieC/f, on /or j = 0, 1. 

Proof. By the moment map interpretation of scalar curvature of the Kahler metric u(-, J-), 
its derivative 5jS u : TjJLj _ > C°°(X) with respect to J G X satisfies 

5j5 w o JoP = -P*P (4.16) 

(see §2.11 and [19j equation (26)]). By (13.221) and Lemma ISTTj JY^ \i is identified with the 
infinitesimal action of I(q on (J, A) G Vb, where A is the Chern connection of H and J, so 

iy Cl |, = -L K J = {-JL nH J, J(« + V^F H )), (4.17) 

by Lemma ll.5[ Hence (14.1 5|) follows from formulae (I2.6P for the moment map fib- D 

Given a pair b = (u, H) G -Bq, an element £ G Lie^ is in LieC?/ if and only if Yqi = 0. 
Using f)4.17p . we see that Lie Qi C LieQb is the subset of elements ( = £ + OjjTj^ such that 

P0 = O, d H ^ + r]^F H = 0. (4.18) 

Hence if (0,0 G C°°(X) x Q (adE#) satisfies £ + Oj^r/^ G Lie^/, then it is in kerL^t 
(see (I4.13P ). We provide now sufficient conditions to obtain the converse implication. 

Given a pair b = (co,H) G Bq, H is a Eermitian-Yang-Mills reduction (HYM) on 
(E c , I) with respect to u if it satisfies 

KF H = zn, (4.19) 

where zq is the element of 3 C Q given by (11.81) . Note that if H is HYM on (E c , I) with 
respect to u>, then (I4.15P becomes simply 

(v , L^tviiu = Ub(Y (olI , IF Cl | 7 ). (4.20) 

Proposition 4.6. The operator ~L ay b is elliptic. If H is HYM with respect to u, then ~L a ^ 
is also self-adjoint. If furthermore a^a\ > 0, then 

kerL Qi6 = {(0,0 G C°°(X) x ft°(ad E H ) \ £ + 9^ G Lie^}. (4.21) 

Proof. The operator L Q ^ is elliptic because so are P* P and d* H dn- If H is HYM, then we 
can apply (14.201) . where C0b{-, I-) is symmetric, so L a 6 is self-adjoint. We have already seen 
that the right-hand side of (I4.2ip is contained in kerL aj ft. If in addition «o«i > 0, then 
ujb is compatible with either I or —I (see §2.2p . so if v = (0,0 satisfies ( := £ + 9jjT}^ £ 
LieQj, then (v,h a> bv) u = u)b(Y^\i,IY^i) ^ by (I4.20p . and hence v ^ kerL ai b. This 
implies (IOTP . " □ 
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Observe that, although L Qj b is an analogue in our context of the Lichnerowicz operator, 
there is an important difference between these two operarors, since by Proposition I4.6[ 
we can ensure that L ai & is self-adjoint and its kernel corresponds to Lie Qj via (I4.14p only 
when b = (uj, H) satisfies the Hermitian- Yang-Mills equation (I4.19P and a ai > 0. 

4.3. The linearized coupled equations. Throughout §4.3[ we fix a coupling constant 
a G M 2 , a holomorphic structure I on E c over (X, J) , a Kahler class Q on (X, J) and 
b = (u,H) E B n . Let i7 1,:L pf, R) C H 2 (X,R) be the vector subspace of those de Rham 
classes which are representable by real closed (1, l)-forms on (X, J). Recall that H 1,l (X, R) 
is identified by Hodge theory with the space % 1 ' 1 (X) of real harmonic (1, 1) -forms on 
(X,J,uj). 

In §4.31 we will compute the first-order deformations of the moment map fib constructed 
in Theorem 13.21 under deformations given by a new Kahler form uj and a new holomorphic 
structure / on the principal bundle E c over (X, J) , given by 

u := ou + >y + dd c (J), (4.22a) 

7:=e i? -J, (4.22b) 

parametrised by a triple 

(7,0,0 e / H 1,1 (X) x C°°(X) x n°(adE H ). 
We will also consider the deformed pair 

b = (uj, H) e Bfi, with H := e" i? • H eK, (4.23) 
where Q is the cohomology class of uj. Note that (13.171) implies 

F H J=^-F Sj , (4.24) 
where Fhj is the curvature of the Chern connection Oh = Oh,i associated to H and /. 

In fact, to prove Theorems 14.111 and 14.181 we wih need to apply the implicit function 
theorem, so we will work in Sobolev spaces. Let L 2 k (X) and L 2 k (a.&E H ) be the Sobolev 
spaces of real- valued functions on X and sections of the bundle ad Eh, respectively, whose 
distributional derivatives up to order k are square integrable. These are real Hilbert 
spaces which, by the Sobolev embedding theorem, have natural bounded inclusion maps 
L 2 k (X) C C\X) and L^adEn) C C l (a.dEn) into the Banach spaces of /-times continously 
differentiable functions and sections of ad-E#, respectively, provided k > n + I. Moreover, 
if k > n, then L 2 k (X) is a Banach algebra. Fix k > n. Let 

W = Wx L 2 k+i {adE H ) C n 1 '^) x L 2 k+4 (X) x L 2 k+i (adE H ), (4.25) 

where U C H 1,1 (X) x L 2 k+4 (X) is the open neighbourhood of (0, 0) consisting of pairs (7, <p) 
such that u(-,J-) is a Kahler metric of class C 2 , with uj defined by (I4.22ap . Define the 
moment map operator 

T Q = (T°,Ti): U >L 2 (X)xL 2 k+2 (adE H ) 

(4.26) 



(7, 0, 1 > (S a (b, I)AaMzF H j - z~ t 



where uj, I and b are defined by f)4.22p and (14.231) . while S a (b, I) and are given by the 
formulae (14.21) and (I4.19p . using the Kahler class 

n := [u] E # 1>:L pf,]R). 



(4.27) 
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Observe that T a is a variant for Sobolev spaces of the families of moment maps fib- 
The following proposition can be compared with [36, Proposition 5]. 

Proposition 4.7. For k > n, T a is a well-defined C 1 map whose Frechet derivative 5T a 
at the origin (0, 0, 0) is given by 

5T a (j,<j),£) = L a>6 (0,O + ((d(S a (b, I)), dfyu, ^Jrj^jdHKFii) 

-\- 5^ Tq,, 

for all (7,0,0 G H^X) x L 2 k+4 (X) x L 2 (adE H ), where 

L Qjfe : L 2 k+4 (X) x L 2 k+A (adE H ) L 2 k (X) x L 2 k+2 (adE H ) 
is given by (I4.13p . (•, -) w zs i/ie inner product on T*X induced by u(-, J-), rji is the Hamil- 
tonian vector field of on (X, u) and 8^ T a is the directional derivative of T a at the origin 
in the direction (7,0,0). 

Proof. The operator T a is well-defined because L k (X) is a Banach algebra for k > n, T° 
is a non-linear differential operator of order 4 in and order 2 in 7 and £, while T^ is a 
non-linear differential operator of order 2 in and £ and order in 7. 

To prove that T a is C 1 , we will calculate its directional derivatives Sufi T a (7, </>, an d 
&y T a (7, </>, £) at (7,0,0 in the directions (0,0,0 and (7,0,0), respectively, for (7,0,0 e 
W, (7,0,0 e ^^(X) x L2 +4 (X) x L2(ad£ H ). 

To compute 5,^ a T Q (7,0, 0, we define a curve (on an appropriate Sobolev completion 
of and for \t\ small), given by 

bt = (u t , H t ) := (£5 + tdcf 0, e - iK+ ^ ■ if). 
Let r/ t be the Hamiltonian vector field of over (X, u t ) and g t the flow of 

y t :=ICi(bt) = -I(£ + ek t r k ), (4-28) 
i.e. the curve of G c -equivariant automorphisms of E c satisfying g t ■ g^ 1 = y t , with initial 
condition go = Id. Since the Kahler class Q of ujt is constant along the curve bt, we can 
apply the constructions in the proof of Proposition I3.5T 1 ) . so the flow g t exists and satisfies 

b t = gt-b (4.29) 

(as bo = b). Note that the identity (I4.29P holds in a strong sense, as k > n, so the Kahler 
metrics u>t are of class C 2 and the G-reductions H t are of class C 4 . Define another curve 

h ■= 9t l ■ I 

in (an appropriate Sobolev completion of) the space Z-^ of holomorphic structures on the 

principal G c -bundle E c which are compabible with b (see §3.ip . Using the dependence of 
S a (b t ,I) on the holomorphic structure I on E c , we obtain 

T t ° := T°( 7 , + t0, e + t£) = S a (b t , I) = S a (b, I t ) o g- 1 
by fl3T2DD and Since |, t=0 I t = L yo I, this implies 

^, C )T°(7,0,O = | |t _ o T° = Wi^M + J%^S a (bJ)) 
= (SiSa^^LyoI) + (d(S a (b,I)),d4) s , 
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where 5iS a : TjZ-^ — > C°°(X) is the derivative of S a with respect to /. Now, by (I4.17P 
and from this formula, (I4.16P and (I4.13p . we obtain 



(SjS^^IYc.) =a P* P j> - 2a x A 2 - A d s J(d s i + V^F S )) 



where z% is defined as in ( 14 .2p using the Kahler form u and its Kahler class Q, so the right 
hand side of ( jOQD is 

8 {yM) T° (0, 0, = L° ~(0, + 1)), 4k- (4.31) 

By (I3.17p . we also have 

Tj:=Ti( 7 ,0 + t ,e + te) 

= 4ai (e^+^t) • (Aq.Fhj, - z~), 

and a straightforward calculation shows that 

=Ll }b {j>i + iaiJv^dsAsFs. (4.32) 
To compute &y T a (7, 0, £), for (7, 0, £) GW and 7 G H 1 ' 1 (X), we define a curve 

6t = (wt, H) = (2 + fry, 5) 

(for t G R small). Let 

T° :=T° (7 + *7, «/>,£) = S Q (fc t ,7), 

= - ao^U - «iA 2 t ((Fg - z^) A (F B - z Wt )) , 
1] := T* (7 + tj, 0, = 4a 1 (A Wt F /f 7 - z n J, 

where f2 t = [o; f ] G i/ 1 ' 1 (X, IR). As shown by LeBrun & Simanca (see [SU Proposition 5] 
and [331 Proposition 6]), the derivative of the first term of T° is given by 



at it=o 



where and are the Laplacian and the Ricci curvature of u)(-,J-), respectively. To 
calculate the derivatives of T] and of the second term of T°, we use the equality 

atit=o 



{F s -z Ut )A{F s -z Ut )AuJ [ ? 2] ) 
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and the following computations: 

dt\t=a V 

=( F h,i ~ z vP) A 7 A w [n ~ 21 - (^7 + fy^C) A & n ~ l \ 

_ d 
dt \t=o 

=(F 5 - 40 A (F 5 - 5 2 ) A 7 A 

- 2(F S - zs) A ^ + ^ A w^. 
n — 1 

Here, (I4.19P implies 

^ := Jt\t=o ZQt = ^P jZj ^ 4 ' 33 ^ 
for an orthonormal basis {zj} of 3, with 

J ' dt\t=o Voln t 

u [ 7 ] u St- 2 ], [x]} u H [x]}<[ 7 ] u ni"- 1 ], [x]) 



Vol s Vol| 
From these equalities, we obtain the directional derivatives 

Ay T° (7, 0, = i T ? = «o (2(p 2 , 7)5 - A 2 (S5, 7)2) (4.34a) 
at |t=o 

- yA| - A {F H j — Zu) A 7) + 2axA| ((F hJ - A 

+ 2a a A| ((^,7- A - zaj) (Act), 

5 7 Ti( 7 , 0, = ^ Tj = 4ai ((F h 7 , 7 ) 2 - . (4.34b) 

It now follows from (I4.30p . (I4.32p . (I4.34p and the formula (I4.33P for S^z^ that the directional 
derivatives are continuous. Therefore, T a is C 1 and its Frechet derivative given by (I4.27P 
(by (14301) and (|Q2]> ). □ 

Note that an explicit formula for the directional derivative &y T a has been calculated 
in f)4.34p . although it has not been recorded in ()4.27|) . as it is not needed in this paper. 

4.4. Deformation of solutions. As in §4.3[ we now fix a holomorphic structure I on E c 
over (X, J), a Kahler class Q on (X, J) and b = (u, H) G Bq. Note that Hj acts trivally 
on the space 'H 1 ' 1 {X) C Q 2 (X) of real harmonic (1, l)-forms for the metric u(-, J-). Let 

L 2 k (X) Hj C L 2 k {X) and L 2 (ad£^ C L 2 k {adE H ) (4.35) 
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be the closed subspaces of %j- invariant functions and ^/-invariant sections, respectively. 
Let V = U n (V}' l {X) x L 2 k {X) nj ) and 

V = V x L 2 k (adE H ) §I = Uf] (U X ' X {X) x L 2 k+4 (X) nj x L 2 k+4 (adE H f^ . (4.36) 

Given coupling constants a G M 2 , by restriction of the maps of Proposition 14.71 for k > n, 
we obtain well-defined maps 

f Q : V — > L 2 (X)^ x L 2 +2 (adE H )^, (4.37a) 

L a , b : L 2 k+4 (X) n -' x L 2 +4 (ad^)^ — )■ L 2 (X) Wj x L 2 +2 (ad£^ (4.37b) 

(cf. [351 (5-1)]), where T Q is C 1 with Frechet derivative given by (14.271) . and L ai & is a linear 
elliptic operator. 

Let d* and G be the formal adjoint of the de Rham differential and the Green operator 
of the Laplacian for the fixed metric u(-, J-), respectively. Then for any symplectic form 
uj and any rj in the Lie algebra LieHs of Hamiltonian vector fields over (X,ui) we have 

d(Gd*(rfjuj)) =rjJu. (4.38) 

As the image of the Green operator is perpendicular to the constants, the Hamiltonian 
function / = Gd*{rjjiui) is 'normalized' for the volume form u^ n \ that is, J x fui^ = 0. 

For each (7, </>,£) 6 V, we define a linear map 

p (7,^) = ( p ( 7 ,0)' p ?) : R x ifJAeQj) >Ll(X) H ' x L 2 +2 (ad E H ) § * 

/ \ (4-39) 

(t, v) 1 >■ ( Gd*(p(v) ju>) + t, 9 H pj) , 

where 

a(LieOr) :=(Lie0j) & 

is the centre of Lie ^7 (cf. (11.51) ) and p: Qj — > Hj is the map in (j4.4j) . while S and i7 are 
defined by (I4.22al) and (14.231) . The map P (7,^,0 attaches to a vector field t> G 3(Lie£?j) its 
vertical part 9 H jv, calculates the normalized Hamiltonian function of the vector field p(v) 
over (X,u), and adds an extra parameter t which accounts for the fact that Hamiltonian 
functions are only determined up to a constant (cf. (14.141) . [331 §5], [351 Proposition 2]). 

Here is the key link between extremal pairs and the linarization of the coupled equations. 
Lemma 4.8. Let (7, </>,£) G V. 

(1) P (7,0,0 is injective. 

(2) IfT a (j, (f), £) G ImP( 7j ^Q, i/ien 6 = (00, H) is an extremal pair. 

(3) ImPo C kerL Q) (, ; with equality if ao«i > and if is HYM with respect to u. 

Proof. We first prove that, given (t,v) G K x 3(Lie£/j) and (/, x) : = P (7,0,0^' v )i we nave 

* = / /wW/Voln, v = x + 0j I fjf, (4-40) 

where 77/ is the Hamiltonian vector field associated to / G C°°(X) and S. To see this, note 
that, since p(v) is holomorphic and preserves uj, it can be written as 

pip) = V^ + P, 
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where rj^ is the real-holomorphic Hamiltonian vector field associated to ip G C°°(X) and 
u and (3 is a parallel vector field with respect to S (see [361 §2])- Then, since p(t>) and rj^ 
vanish somewhere on X, we have that (3 = and therefore 

dip = p(v)juj = df. 

Formula (I4.40p follows from the decomposition of v into its vertical and horizontal parts 
with respect to 9 H j- 

Now, (1) follows from (14.401) . To prove (2), suppose T a (7j </>, £) e I m P(7,</>,£)> i- e - 

f = S a (b), X = ^ = 4a 1 (A s F fftf -z 5 ). (4.41) 

From dODP, it follows that 

A ai d n kzF n = -VfjF s , P Q f= -La f J = 0, (4.42) 

where we have used (13.171) to obtain the first equation, while the other identity follows 
because rj^ = rjf is real-holomorphic. Therefore b = (uj, H) is an extremal pair. 

To prove (3), note first that the inclusion ImPo C kerL aj b is an straightforward con- 
sequence of (14.401) . Suppose now that a a\ > and H is HYM with respect to to. Let 
(/; x) ker ti a ,b- By Proposition I4.6[ v := x + QjfiVf is m LieQi- In fact, v G $ (Lie Gi), as 
/ is "Hj-invariant and x is ^/-invariant by assumption (see (14.37bj) ). Therefore Po(v,t) = 
(f, X ), where t := f x fu^ / Voh. □ 

Let (;-) u be the L 2 -inner product on L\(X) Hl x L| +2 (ad Euf 1 given by fICT)]) . We 
claim that the orthogonal projectors onto ImP( 7> ^), denoted 

n (7> ^ ): L\(X)^ x L 2 k+2 ( a dE H f' — ► L 2 fe pf)* J x L^ +2 (ad^)^ 
vary smoothly with (7, 0, £) G V. To prove this, note that the map 

P:Vxlx 3(Lie&) — ► ^(X) Wj x L* +2 (ad : (7, — > P( 7 ,^)(*>«) 

is C 1 , as P° 7 ^ (i, f ) is linear in (7, 0, t, v) and P|(f) depends linearly on t> and smoothly on 
£. Moreover, P( 7j( ^£) is an isomorphism onto its image for all (7,0,0 G V, by Lemma T4. 81 

Let {wj} be a basis of the vector space R©3(Lie£?j) and {Cjili&jQ} be the orthonormal 
basis of ImP( 7i 0^) extracted from {P^^^Wj} by the Gram-Schmidt orthogonalization 
process. Then the claim follows by the above observations and the fact that 

n (7,^) = E^(7,0,O,-Ur (4-43) 

3 

Furthermore, since (£j)Cfc)w are continuous functions on V, the origin has an open neigh- 
bourhood Vo C V such that for all (7,0,0 G Vo, the following holds (cf. [361 (5-3)]): 

ker(Id -n (7j ^ } ) = ker(Id ~n ) o (Id -II^)). (4.44) 

For any pair of non-negative integers (l,m), let Ii >m C Lf(X) Hj x L^(ad E H ) Ql be the 
orthogonal complement of ImP . Define 

W = V Q n(U 1 ' x (X) x/ W)W ). 
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Note that, under the assumptions in the last part of Lemma [4.8[ the subspace W is per- 
pendicular to kerL Qj fe. We will use this fact to obtain existence results about deformations 
of extremal pairs. Define a LeBrun-Simanca map [351 §5] 

T Q : W >h,k+2 

(4.45) 

( 7 , 0, ' ► (w -no) o (id -n (7 ,^)) o T a ( 7 , 0, 0- 

Then T a is C 1 , because it is the composition of C 1 maps. 

Given (0, £) G h+^k+i, to calculate the directional derivative 6^ ^T Q of T a at the origin 
in the direction (0, 0, £), we define the curve b t = (O,£0, t£). Using (14.271) . we obtain 

di 

+ (Id -IIo) [(d(Sa(b)),d<l>) u ,4aiJVi->dH(A u) F H )^ 

-(id-n )|(n 6t T Q (o)) |t=0 . 

Now, if b = (oj, H) is a solution to the coupled equations f)3.60p . then the second summand 
of the right-hand side vanishes and n^ T Q (0) = T Q (0) for all t, so the third summand of 
the right-hand side vanishes too and hence, under this assumption, we conclude that 



5 (U) T - = ^ T *( & t)l*=o = (id-n o )L a , 6 (0,e) 



-.0 



T Q = (Id -n )o 1^(0,0. (4.46) 



Remark 4.9. It is at this point that one runs into technical difficulties if one attempts to 
apply the approach of LeBrun & Simanca [35J to obtain deformations of an extremal pair 
which is not a solution of the coupled equations. The problem is that for an arbitrary 
extremal pair b = (u, H), if one proceeds as in [35J Lemma 1], then one obtains 

s (U) T a = (Id -n ) (L Qi6 (0, o + (0, -J Va (b, I)j{d H i + v^Fh))) , 

and to construct deformations of b which are also extremal pairs using the approach of [35] , 
we need know that (I4.46P is satisfied. A natural condition which implies that (I4.46P holds 
is that S a (u,H) is constant. Furthermore, in the approach of [35], we need to know that 
L a> 6 is self-adjoint, with kernel ImP , so another natural condition is that the Hermitian- 
Yang-Mills equation is satisfied, by Proposition 14.61 and Lemma [4.8( 2). In other words, to 
get a direct generalization of the method of [35] , it is natural to impose the condition that 
b is a solution of the coupled equations, as we will do below. 

We can now prove the two main results of §4.41 For this, given o G I 2 , we call b G Bq 
an extremal pair with coupling constants a if it satisfies (14.11) . 

Theorem 4.10. Suppose (u>,H) is a solution to the coupled equations (13.601) with coupling 
constant a and [u>] = Q, where a = (ao,«i) G M 2 satisfies ao«i > 0. Then (a,Q) has 
an open neighbourhood [/cl 2 x H l,1 (X, R) such that for all (a,Q) G U there exists an 
extremal pair (u, H) with coupling constants a and such that [uj] = Q. 

Proof. Note that rj a (b) = 0, as b = (u,H) is a solution of the coupled equations (13.601) . 
Since the map T a depends linearly on a = (cto, ai), it can be viewed as a C l map T : R 2 x 
W — > h,k+2, whose the Frechet derivative at the origin with respect to and £ is <5T Q = 
(Id— n ) o Lq,^, by (14. 46 p . Since H is HYM with respect to u and a «i > 0, Lemma I4T81 
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applies and (Id — n ) °L a ,& is an isomorphism. Therefore, by the implicit function theorem, 
there exists an open neig hbourhood U cR 2 x H 1A (X) of (a, ft) such that for all (5, 7) G U 
there exists a pair (</>,£) £ 1^+4^+4 such that 

T 5 ( 7 , 0, G ker ((Id -n )(Id -IL^)) , 

so Tg(7, </>,£) G ImP( 7 ^^) by (I4.44p . Hence the pair (u,H) determined by (7, <fi, £) is 
extremal with coupling constant 5, by Lemma [4.8( 1). and smooth by Lemma [4.31 □ 

Let H 1,X {X, R) + C if^X, R) denote the 'Kahler cone' of (X, J), i.e. the open subset of 
elements ft G i^p^R) such that /C n is non-empty. Given (a, ft) G R 2 >0 x if 1 - 1 (X,R) + , 
consider the a-Futaki character J- at ci'- LieT/ — > C defined in (13.491) (or (I3.67P ). Denote 

V(JT) := {(a, ft) I JF a , n = 0} C R 2 >0 x iy 1 ' 1 (X,R)+. 

Theorem 4.11. Lei S &e i/ie set of pairs (a, ft) G R> x H 1,1 (X, R) + /or which there exists 
a solution (u,H) G £?q to the coupled equations (13.601) . 

(1) Then S fl V(J-) is open in V(J r ). 

(2) IfAut(E c ,I) is finite, then Scl 2 x H l > l (X,R) is open. 

Proof. Immediate from Theorem 14.101 together with Proposition 14.21 for part (1) and (14. 6p 
for part (2). □ 

4.5. Deformations of solutions in the weak coupling limit. We will obtain now 
solutions to the coupled equations (I3.60P in 'weak coupling limit' < |ai/ao| ^ 1 by 
deforming solutions (u, H) G Bq with coupling constants a 7^ 0, cti = 0. Since we will 
study these equations for coupling constants in a small open neighbourhood of a pair 
(a , «i) G R 2 satisfying a ^ 0, a.\ = 0, we can divide the second equation in (13.601) by a . 
Hence in the sequel we will normalize to a = 1 and a :— a± will be called the coupling 
constant. 

Note that for a = 0, the coupled equations (I3.60p are the condition that u is a cscK 
metric on (X, J) and if is a Hermitian- Yang-Mills reduction of (E c , I) with respect to 00, 
so in particular the pair (ou, H) satisfies the following equations: 

d* H F H = 
L vs^ ^ = 

Here, d* H Fn = is the Yang-Mills equation, which is equivalent to 

d H KF H = (4.48) 

by the Kahler identities (see e.g. [15j Proposition 3]), and rjs^ is the Hamiltonian vector 
field of the scalar curvature over (X, lj), so L ns J = is the condition that u is an 
extremal metric on (X, J) . 

If one attempts to generalize Theorem 14.101 to the weak coupling limit, one observes 
that Proposition 14.21 cannot be used for a = 0, but the system of equations (I4.47P can be 
viewed as an adiabatic limit of equation (14. ip . In fact, a pair b\ := (Xu,H) satisfies (14. ip 
with coupling constant a, for a real number A > 0, if and only if 

AadnA^Fn + X^rjx-sFn = 0, L Vx J = 0, (4.49) 

where r]\ is the Hamiltonian vector field of S a /\(u, H) over (X, to), and (I4.47P is the formal 
limit of (I4.49P when A — > oo. Hence a strategy to obtain a solution to the coupled 



(4.47) 
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equations (13.601) for < |ai/oto| <C 1 (equivalently, for A ^> 0) could be to deform a 
solution to f)3.60p for a = (which is therefore a solution to (I4.47P ) to obtain a solution 
of (I4.49p . The problem is that the kernel of the operator L Qj b A determined by a solution 
b\ to the coupled equations (I3.60p has a discontinuity in the limit A — > oo. More precisely, 
this kernel for finite A > can be identified with Lie Qi (see Proposition 14 . 6 j) . whereas the 
kernel of L a & m the limit A — > oo is 

{(0,0 G C°°(X) x Sl°(adE H ) \ V(f> G LieHj, d* H (d H £ + ^jFh) = 0} (4.50) 

(this follows directly from ( I4.13P ). This discontinuity causes serious technical problems 
when one attempts to use this this strategy within the approach of LeBrun & Simanca. 

The source of this difficulty is related to the vanishing of the factor 4ai multiplying 
the HYM term in the moment maps fib when ai = (see (12.61) ). One way to get around 
this problem is to apply the approach of LeBrun & Simanca to the operator obtained by 
dropping this factor in the moment map operator T a . Fix an integer k > n and keep the 
notation of § §4.3} 14.41 Then the resulting modified moment map operator is 

B Q : U >L\{X) x L 2 k+2 (^E H ) 

( ~ \ (4-51) 

( 7 , 0, ' > [S«(b), AzF H j - , 

where U is the open set in (I4.25P and u, I and b are given by (I4.22p and (I4.23p . 

As we will see below, this modification on the moment map operator within the approach 
of LeBrun Sz Simanca produces the following modified extremality condition (cf. (I4.ip ). 

Definition 4.12. A pair b = (oj,H) G Bq is called extremal with coupling constant a in 
the weak coupling limit if it satisfies the equations 

d* H F H = 

where i] a (b) is the Hamiltonian vector field of S a (b) over (X, u). 



(4.52) 



Note that the system of equations (I4.52p becomes (I4.47P when a = 0, while for arbitrary 
a any solution to the coupled equations (I3.60P is an extremal pair in the weak coupling 
limit (see (I4.48P ). To obtain a partial converse, define the characters 

An, ^oo,n: : Lie Aut(E c , I) — > C, (4.53) 

as the a-Futaki characters of the Kahler class fl for (a ,ai) equal to (1,0) and (0,1) 
in (I3.67p . respectively. By (I3.67p . up to a multiplicative factor, (J-o,n,C) is the Futaki 
character [22] of the Kahler class Q on (X, J) evaluated at p((), where p is the map in (I4.4p . 
It is also clear from (I3.67P that the existence of a solution to the coupled equations (I3.60p 
does not necessarily imply the vanishing of J-o,n or J-'oo,^- 

Proposition 4.13. A solution b G Bq of (I4.52p is a solution to the coupled equations (I3.60p 
if J~o,n = ^oo,o. — and the vector field i] a (b) over X can be lifted to a holomorphic vector 
field over the total space of (E c , I). 

Proof. By (14.481) . A u Fh is a vertical holomorphic vector field on the total space of (E c , I), 
i.e. A U F H G LieQj. Now, if = 0, then H is HYM with respect to u, because in this 
case, by (I3.67P we obtain 

\\KF H - Zq\\1 = -{Foo&iKFh - z n ) = 0. 
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Moreover, if To,n = J^o^n = and rj a (b) = p(() for a holomorphic vector field ( on (E c , I), 
then by a straightforward computation using (13.671) . we obtain 

\\S a (b) - S a \\l = (Fo&jTjaQ))) + a(J r 00i Q,C) + a(9 H C,A w F H - z n ) = 0, 

where S a = J x S a (b)uj^ / VoIq, so b is a solution to the coupled equations (I3.60p . □ 

Extremal pairs in the weak coupling limit enjoy the same good regularity properties: 

Lemma 4.14. Let (ou, H) be a solution of (I4.52p such that u is a Kdhler form of class C 2 
on (X, J) and H is a section of E c /G of class C 4 . Then both u and H are smooth. 

Proof. This follows exactly as Lemma 14.31 □ 

We define now a linear differential operator which is closely related to the linearization 
of B Q (see (14.511) ) when a = and which will play the role in the weak coupling limit of 
the Lichnerowicz operator (14. lip in the study of the cscK equation or the operator L Qj b 
defined in §4.41 awav from the weak coupling limit. This linear differential operator is 

C: L 2 k+4 (X) x Ll +4 ( a dE H ) ► L\{X) x Lf +2 (ad£ ff ) 

(0, i > (P* P 0, d* H (d H £ + v^F H )) , 

where P is defined as in (14.111) . It is easy to see (cf. Proposition I4.6P that the operator C 
is elliptic and self-adjoint with respect to the L 2 -inner product (•, -) u given by (I4.10p . 

It can be shown as in the proof of Proposition 14.71 that B Q is well-defined and C l and 
that its Frechet derivative at the origin (0, 0, 0) when a = is given by 

5 B„(7, 0, = C(0, + {{dS m d4) m 0) + ^ B , (4.55) 
where 5^ Bo is the directional derivative of Bo at the origin in the direction (7,0,0) 

(cf. (H2ZD). 

To proceed as in §4.51 following the approach of LeBrun & Simanca, we need to consider 
the restriction of B Q and C to suitable subspaces of the Sobolev spaces. Let 

L 2 k (X) nj C L\{X) and L 2 k (&dE H ) Gl C L 2 k (adE H ) 

be the closed subspaces consisting of %j-invariant functions and (//-invariant sections, 
respectively (cf. (I4.35P ) and 

V = UH (^{X) x L 2 k+A {X) nj x L 2 k+A {&dE H ) Gl ) 

(cf. (I4.36P ). By restriction of (I4.5ip and (I4.54p . we obtain well-defined maps 

B a : V — > L 2 k (X) H ' x L 2 k+2 (adE H ) Gl , (4.56a) 

C: L 2 k+4 (X) n -i x L 2 +4 (adE H f* L 2 k {X)^ x L 2 k+2 (&d E H f< , (4.56b) 

where B a is C 1 and C is a linear elliptic operator (cf. (I4.37P ). 

Note that in the construtions (14.561) we have used the subspace L^(ad E H ) Gl C L\(a.d E H ) 
rather than the possibly smaller subspace Ll(ad Eh) Gi which appeared in (I4.37p . In prac- 
tice, we could say that the exact sequence (14.41) in §4.41 degenerates to the trivial extension 

1 -> Qi — )• Hj x Q I — > Hj -)• 1 (4.57) 
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in the weak coupling limit a — > 0. In particular, the centre % (Lie Qi) of LieQi (see (I4.39P ) 
is now replaced by the centre 3(Lie"Hj) ©3 (Lie Qj) of the Lie algebra of HjxQj and P( 7 ,0,£) 
(see ( I4.39P ) is replaced by 

Q (7 ,^): K x }(UeHj) (B^LieQj) > L 2 k+3 (X)^ x L 2 k+2 (adE H )^ 

_ (4.58) 
(t, w, v) 1 > (Gd*(w_>uj) +t,v) , 

with ( 7 ,0,O e V. 

Lemma 4.15. Let (7, 0, £) G V. 7/B a ( 7 , 0,0 G ImQ( 7 ^ 5); then b = (u, H) is a solution 

o/dM2D. 

Proof. This follows exactly as part (2) of Lemma [4.81 □ 

Since C has kernel (I4.50p by elliptic regularity, part (3) of Lemma 14.81 has no direct 
analogue in the weak coupling limit. Lemma [4.161 will provide a suitable replacement of 
this part of the lemma. Let (•, -) u be the L 2 -inner product on L\(X) Uj x Lj, +2 (a,dE H ) gi 
given by ( I4.10p . One can prove as in §4.41 that the orthogonal projector 

n' (7 ^ ): L 2 k (X) n -> x L 2 +2 (zdE H f< — ► L 2 (X)^ x L 2 k+2 (adE H f> 

onto Im Q( 7 ,^) varies smoothly with (7, 0, £) G V and, by continuity, there exists an open 
neighbourhood V' Q C V of the origin such that 

ker(Id-n' (7) ^ e) ) = ker(Id-n ) o (Id-B^) 

for any (7,0,0 (cf. M). 

For any pair of non-negative integers (l,m), let I' lm C Lf(X) Hj x L ? 2 n (ad-E#) G/ be the 
orthogonal complement of Im Qq. Define 



w'^v' n(n 1 ' 1 (x)xi' k+4 



k+4) 



Lemma 4.16. The induced map C: I k+/Lk+4 — > I' kk+2 is an isomorphism. 

Proof. This map is well-defined because ImQ C ker(P©<i^). If C(0, = for some 
(0,0 G I' k+4 fc+4 , then P* P = 0, so P = 0, which implies = 0, and C(0, £) = means 
d* H dni = 0, so = 0, which implies £ = 0. Thus C is injective. Finally, C is surjective 
because so is P* P @d* H dH- □ 

Define now a LeBrun-Simanca map [33 §5] 

B a : W' ► I'k,k+2 

(4.59) 

(7,0,0 ' ► (ld-W ) o (Id-n' (7A5) ) oB Q ( 7 ,0,O- 

As B a is the composition of C 1 -maps, it is C 1 . Using Lemma [4.161 and [3"5l Lemma 1], we 
can see that its directional derivative at the origin in the direction (0, 0, f° r a = is 

5 {M) B = (Id -n(,)C(0, = C(0, 0, (4.60) 

for all (0,0 G 

We can now prove the two main results of §4.51 
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Theorem 4.17. Suppose that u is an extremal Kahler metric on (X,J) with Q = [uj] 
and H is a Yang-Mills reduction of (E C ,I) with respect to uj. Then (0,f2) has an open 
neighbourhood f/ C K x H 1,l (X, R) such that for all (a, Q) G U there exists an extremal 
pair (u),H) with coupling constant a in the weak coupling limit such that [uj] = Q. 

Proof. This follows as Theorem 14.101 combining (14.601) with Lemma 14.161 and the implicit 
function theorem, and then using Lemmas 14.151 and 14.141 □ 

In the following theorem, we say that a reduction H G TZ is irreducible if its Chern 
connection is irreducible, that is, if its isotropy group inside the gauge group Qu of Eh is 
minimal — the centre of G (see §2.31 and also [201 §4-2.2]). 

Theorem 4.18. Assume that there is a cscK metric u on (X, J) with cohomology class Q 
and there are no non-zero holomorphic vector fields on (X, J) which vanish somewhere on 
X. Then 

(1) // (E C ,I) admits an irreducible HYM reduction H with respect to uj, then (0,f2) 
has an open neighbourhood U C R x H 1,l (X,M.) such that for all (5i,fi) G U, 
there exists a solution (uj, H) to the coupled equations (I3.60P with coupling constant 
a = (1, 5i) and uj G £1. 

(2) If (E c , I) admits a HYM reduction H with respect to u, then there exists e > such 
that for all 5?i G K. with — e < a.\ < e, there exists a solution (uj, H) to the coupled 
equations (I3.60p with coupling constants (l,5i) andu G Q. 

Proof. Since HYM reductions are Yang-Mills, Theorem 14.171 implies that for all (a, Q) in 
a neighbourhood f/cKx H 1,l (X, R) of (0, Q), there exists an extremal pair (u, H) with 
coupling constant a in the weak coupling limit with [u] = Q and H irreducible. 

Part (1) follows now since the function S a (u,H) defined by (14 .2p is constant on X for 
any extremal pair (u,H), as Lie"Hj = and, furthermore, the vertical real- holomorphic 
vector field on (E c , I) defined by A^F H is in 3, as H is irreducible. 

Part (2) follows from Theorem 14.171 and Proposition 14. 13^ because J-o,q = -^oo,n = 
by (13.671) . as Lie%j = and (E c , P) admits a HYM reduction H with respect to uj. □ 



5. Examples and cscK metrics on ruled manifolds 



This section contains some examples of solutions to the coupled equations (10.21) . In §5.41 
we also discuss how the existence of solutions in the limit case «o = can be applied, using 
results of Y. J. Hong in [29] . to obtain cscK metrics on ruled manifolds. 

5.1. Projectively flat bundles. Let (E C ,I) be a holomorphic principal G c -bundle over 
a compact complex manifold X. We fix a maximal compact subgroup G C G c and a G- 
invariant metric (■, ■) on g. Suppose that there exists a G-reduction H on E c and a Kahler 
metric u on X satisfying 

Fjj = zuj 
Stu = S 

where Fh is the curvature of the Chern connection of H, z is the element of 3 (see fll.5jl ) 
given by (jl.8p and S G R. It is then straightforward that the pair (u, H) provides a 



(5.1) 
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solution of the coupled equations (10 .2p . Note that the first equation in ( 15. ip implies that 
the G-bundle Eh corresponding to H is projectively flat, i.e. it is given by a representation 
tti(X) — > G/Z(G), where Z(G) denotes the centre of G. Moreover, it implies the following 
topological constraint 

[z A F H ] = \z\ 2 [u] e H 2 (X,R), (5.2) 
where [Fh A z\ is the Chern-Weil class associated to the G-invariant linear form (•, z) on q. 
We discuss now some examples of solutions of ( 15. ip . We apply Theorem 14.18( 1) to perturb 
the Kahler class of the given solution in order to obtain new solutions that do not satisfy 
the topological constraint ( 15. ip . 

Example 5.1. Let X be a compact Riemann surface. Then the coupled equations (10.21) . 
for a G-reduction H on E c and a Kahler metric wonX, split into the system in separated 
variables (15. ip . since dim^X = 1 and the term (Fh A Fh) vanishes. Then the solutions of 
the coupled equations (10. 2p are given by pairs (co,H), where a; is a cscK metric and H is 
a G-reduction such that its Chern connection is Hermitian- Yang-Mills (II. 7p . Due to the 
Narasimhan and Seshadri Theorem [TJ], and Ramanathan's generalization [15], examples 
of solutions of the coupled equations ( 10. 2 p are given by polystable G c -bundles over X. 

Remark 5.2. In [44J, Pandharipande used Geometric Invariant Theory to compactify the 
moduli space of pairs (X,F) consisting of a smooth algebraic curve X of genus g > 1, 
polarised by a multiple of its canonical bundle, and a semistable vector bundle F over the 
curve. By (HJ Proposition 8.2.1], such a pair is GIT stable if and only if E is Mumford 
stable. An interesting issue is that this decoupling phenomenon for the stability con- 
dition of a pair (X,F) is reflected in the decoupling of the equations (I0.2p . as already 
observed in Example 15.11 In fact, combining the Narasimhan-Seshadri Theorem with the 
uniformization Theorem on Riemann surfaces, it follows that any GIT stable pair (X, F) 
in Pandharipande's construction, with X smooth, admits one and only one (irreducible) 
solution of (10. 2p with Kahler class equal to the class of the polarisation. This gives some 
evidence to the claim that a Hitchin-Kobayashi correspondence for equations ( 10. 2 p exists 
in arbitrary dimensions, as conjectured by the authors [22] • An important difference with 
the curve case is that of course in higher dimensions one expects that the stability condi- 
tion equivalent to the existence of solutions will involve conditions on the base manifold 
as well. In [25], a new notion of stability for degree zero bundles and polarised varieties 
has been defined. We conjecture that this stability condition is implied by the existence 
of solutions of (10. 2p . This topic will be treated in future work. 

Let (X, L) be a compact polarised manifold of complex dimension n. Suppose that there 
exists a cscK metric 

u = —F H e Ci(L), 

where Fh is the curvature of a Hermitian metric H on L. Then (u, H) is a solution of 
(15. ip . and hence a solution of (I0.2p . Since H is trivially an irreducible HYM metric with 
respect to u, if there are no non-zero Hamiltonian holomorphic vector fields on X, we can 
apply Theorem 14.181 (1) obtaining solutions of (I0.2p with non-zero ratio of the coupling 
constants and Kahler class close to [oj] in H X,1 (X, R). 

Example 5.3. Let X be a degree four hypersurface of P 3 and set L = Ox{^-)- Then X 
is a K3 surface and, by Yau's solution [57] of the Calabi conjecture (see e.g. [6]), there 
exists a unique Kahler Ricci flat metric u G C\(L). Since (X, u) is Kahler Ricci flat, 
any holomorphic vector field on X is w-parallel and so Lie(AutX) contains no non-zero 
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Hamiltonian holomorphic vector fields. Therefore, applying Theorem 14.18( 1). we obtain 
solutions of (10. 2p with non-zero ratio of the coupling constants a±/ao and Kahler class Q 
close to Q = [u>] in if 1 ' 1 (X, R). As the dimension of H 1,l (X, R) is 20, we can assume that 
Q is not contained in the real line spanned by Q, and so it is not obvious a priori that such 
a Kahler class contains a solution of (10. 2p for our choice of manifold X and bundle L. 

Let now (X, u) be a compact Kahler manifold of arbitrary dimension. Suppose that 
E is a smooth projectively flat complex vector bundle over X satisfying the topological 
constraint 

ci(E) = ~H (5.3) 

where A G R is determined by the first Chern class of the bundle and the Kahler class [u]. 
Then doing a conformal change if necessary, there exists a Hermitian metric H on E which 
is a solution to (see [3H Corollary 2.7]) 

F H = zu, (5.4) 

where z = i A Id G 3. Therefore, as can be readily checked from the equations, the pair 
(o>, H) is a solution to (10. 2p if and only if a; is a cscK metric. We conclude that, when E is 
projectively flat and (I5.3P is satisfied, there exists a solution to (10. 2p if [u] admits a cscK 
metric. 

Remark 5.4. In [47], Schumacher & Toma constructed a moduli space of (non-uniruled) 
polarised Kahler manifolds equipped with stable vector bundles, using versal deformations. 
This moduli space is endowed with a Kahler metric, provided that the cohomological 
constraint (15. 3 p is satisfied, the base manifold X is Kahler-Einstein and the bundle is 
projectively flat. The gauge-theoretic equations corresponding to this moduli construction 
are therefore equivalent to (15. ip . whose solutions are in particular solutions to the coupled 
equations (10. 2p . Note here that the cscK equation and the Kahler-Einstein equation are 
equivalent, by Hodge theory, if the class of the polarisation is a multiple of Ci(X). 

Example 5.5. Let X = C™/Ax be a complex torus given by a lattice Ax in Z 2n . Examples 
of holomorphic vector bundles E over X admitting a projectively flat Hermitian metric 
H are given by representations of a central extension of Ax into U(r) C GL(r, C). It 
follows from [31, Theorem 7.54] that ±ci(E) is a Kahler class, so E satisfies the constraint 
(15. 3p . Suppose that E is given by an irreducible representation of Ax and take a Hermitian 
metric H on E which satisfies (15.41) with respect to a Ricci flat metric u> G ±Ci(E). Then 
(cu, H) is a solution to the coupled equations (10.21) with coupling constants a = 1 and 
ai = 0. Since u is Ricci flat, any holomorphic vector field on X is w-parallel and so either 
it is zero or never vanishes. Hence, by Theorem I4.18[ there exists an open neighbourhood 
U of (0, [u]) in R x H l,1 (X, R) such that for any (a, fl) G U, there exists a solution (uj, H) 
of (10.21) with ratio of the coupling constants ai/a = a and [u] = Q. Note that, since 
diniK H 1,l (X, R) = n, we can choose Q not lying on the line spanned by Ci(E). 

In the examples of §5.1[ the coupled equations (10.21) admit decoupled solutions arising 
from the system in separated variables (15.11) . There is a geometric interpretation for this 
in terms of the extended gauge group Q in (11.101) associated to a solution (cu, H) to (15 .4p 
and the moment map interpretation of (I0.2p in §2J Namely, the Chern connection A of H 
determines a Lie algebra splitting of the short exact sequence 

->• Lie£ — > LieG — > LieH 
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(see f ll.22p ). The splitting is given by the Lie algebra homomorphism 



$ : Lie H ^ C °°(X) — » Lie Q : i— > 0^ - 0z, 



(5.5) 



(see ( ll.24p ). where rj^ju = dcf) and Q\~ is the horizontal lift with respect to the connection 
A. To see this, note that 



where {01,02} is the Poisson bracket in C^°(X) given by u. Note that this homomor- 
phism does not extend in general to the Lie algebra of the group of diffeomorphisms of X. 
Therefore, when dimc^ = 1 or E is projectively flat, the coupled system (I0.2p may have 
'decoupled' solutions due to the fact that LieQ is a semidirect product of LieQ and Lie"H. 

5.2. Homogeneous bundles over homogeneous Kahler manifolds. For the basic 
material on this topic we refer to [6] and [31]. Let X be a compact homogeneous Kahlerian 
manifold (i.e. admitting a Kahler metric) of a compact group G. In other words, X = 
G/G , for a closed subgroup G Q C G, equipped with the canonical G-invariant complex 
structure (see [61 Remark 8.99]). Then homogeneous holomorphic vector bundles E of rank 
r over X are in one-to-one correspondence with representations of G in GL(r, C). For any 
invariant Kahler metric uj on X, there exists a unique G-invariant Hermitian- Yang-Mills 
unitary connection A, provided that the representation inducing E is irreducible (see J2U 
Proposition 6.1]). Moreover, for any such choice of invariant metric and connection, the 
scalar curvature S u and the function A^, tr(F^ A Fa) on X are G-invariant and hence 
constant. It hence turns out that A satisfies the system of equations 



where c G 1R is as in (I2.14p and A € M is determined by the first Chern class of E and [ui] . 
Equations (15. 6p corresponds to the limit 



in (I0.2p . Fix a pair of arbitrary coupling constants ao,cti > and a homogeneous holo- 
morphic vector bundle E over X associated to an irreducible representation. Then any 
Kahler class on X determines a unique G-invariant solution (u, A) to the coupled equations 
with coupling constants and a±. To see this, note that each de Rham class on X (in 
particular, each Kahler class) contains a unique G-invariant representative, obtained from 
an arbitrary representative by averaging. Trivially, the scalar curvature of any G-invariant 
Kahler metric is constant. Therefore, the unique G-invariant solution of (I0.2p arises as 
a simultaneous solution of the cscK equation and (15. 6p . corresponding to the limit cases 
«o = 0, and a± = 0. 

Example 5.6. Let (X,u) be a compact homogeneous Kahler-Einstein surface G/Go- 
By [HI Corollary 8.98], this means that X is a complex torus or it is simply connected. Let 
E be a homogeneous vector bundle on X induced by an irreducible representation of G Q in 
SU(r), with induced G-invariant Hermitian metric H and G-invariant unitary connection 



[$(00, $(0 2 )] = [0%^ - 0i2, 9^ - 2 z] 

= - {<pi,<p2}z + {E A - zu)^,^) 

= $({0i,02}) + (Fa ~ wz) (rjfa , rjfo ) , 




(5.6) 



a — > 
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A. Then the pair (oj, A) satisfies the system of equations 



ato(p u - c'oj) = ai(2(A aj F A ) A F A — K(F A A F A ) - c"u) 



(5.7) 



for real numbers d , c" , where is the Ricci form of oj and F^ = is the Anti-Self-Duality 
equation for the connection A. To prove this, note that A is HYM and 

2(A U) F A ) A F A — K(F A A F A ) = -A„(F A A F A ) 

= K(\F a \ 2 uj 2 ) 

= \Fa\ 2 co, 

(see (12. lip ), where | • | is the pointwise norm with respect to oj. Hence (oj, A) satisfies (15. 7p 
because the function I-F4I 2 is constant over X by invariance. Observe that the system (15. 7p 
is stronger than (10. 2p . Indeed, it can be readily checked from [HI Proposition 9.61] that if 
(oj, A) satisfies (15. 7p . then the associated invariant Riemannian metric on the total space of 
the frame U(r)-bundle of (E, H) over X, constructed as in §2.31 is Einstein, and therefore 
(oj,A) satisfies fQD, by ([223]). 

5.3. Stable bundles and Kahler-Einstein manifolds. We supply now some cases 
where Theorem 14. 181 can be applied, obtaining examples of solutions with non-zero ratio of 
the coupling constants and fixed Kahler class. Starting with a cscK metric, we check that 
the new Kahler metrics that we obtain are not cscK. Using the contents of §3.41 we also 
give an explicit Example l5.9l in which there cannot exist solutions to the coupled equations. 

Example 5.7. Let X be a high degree hypersurface of P 3 . By theorems of Aubin and 
Yau (see e.g. [6J Theorem 11.7]), there exists a unique Kahler-Einstein metric oj G C\(X) 
with negative (constant) scalar curvature. Moreover, C\(X) < implies that the group of 
automorphisms of the complex manifold X is discrete (see J6j Proposition 2.138]). Let E 
be a smooth SU(2)-principal bundle over X with second Chern number 



k = / tr(F A A F J 



A) t iu, 

where A is a connection on E. When k is sufficiently large, the moduli space of Anti- 
Self-Dual (ASD) connections Aon E with respect to oj is non-empty (see [201 Sec. 10.1.14]). 
Moreover, if k is large enough, is non-compact but admits a compactification. Let A 
be a connection that determines a point in M^. Then A is irreducible and so we can apply 
Theorem 14.181 1). obtaining solutions (oj a ,A a ) of ( 10 .2p with [oj a ] = [oj], nonzero values of 
the coupling constants a , ai and small ratio 

ox 



a 

a 



We claim that if the pointwise norm 



\F Ao \i o :X^R (5.8) 

of the initial HYM connection Aq = A with respect to the Kahler-Einstein metric ojq = oj 
is not constant, then uj a is not cscK for < a <C 1. To see this, note that (co a ,A a ) 
approaches uniformly to (co>o,^4o) as a — > (see Theorem 14.171) and so 

lim\\F Aa \l a -\F Ao \ 2 J^=0. 
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Hence if ( 15. 8 p is not constant, then is not constant for small a, so the claim follows 

from 

= — - uhl (F A AF A ) = — + a\F A \* , 

where c G R. This last equation is satisfied because (u a ,A a ) is a solution to (10. 2p . To 
choose an ASD connection for which (I5.8P is not a constant, we consider a sequence of 
ASD connections {A'}^ defining points of and approaching a point on the boundary 
of the compactification. When I ^> 0, the connections A\ start bubbling. This bubbling is 
reflected in the fact that the function ( 15. 8p becomes more and more concentrated in a finite 
number of points of the manifold. Therefore, eventually, we obtain an ASD irreducible 
connection for which ( 15. 8 p is not a constant. 

To be more precise, recall that any point on the boundary of the compactification of 
Mfc is given by an ideal connection (see [2U1 Definition 4.4.1]), i.e. an unordered <i-tuple 
(pi, ■ ■ ■ ,Pd) of points on X and a connection on M k _ d , the moduli space of ASD 
connections on a suitable smooth SU(2)-bundle £>fc_d with second Chern number k — d. If 
[Ai] [Aoo] as I — > oo, then for any continuous function / on X (see [20, Theorem 4.4.4]), 

lim f f tr(F Al A F Al ) = [ ftr(F Aoo A F A J + 8tt 2 ^ f(p m ). (5.9) 

Take A^ in M^-d with d > 0. If I-FaJw is constant for all I, using ( 15. 9 p and the equality 

\F Al \lu; 2 = tr(F Al A Fa,), 

we obtain that d — and hence a contradiction (e.g., in (I5.9p . take a sequence {fj}'^ =1 of 
test functions approaching the delta function of a point pi on X). 

The hypothesis of Theorem 14.181 hold in much more generality. By the Donaldson- 
Uhlenbeck-Yau Theorem [TBI 153] , which admits a generalization to principal bundles (see 
e.g. j2]), a family of examples generalizing Example 15. 71 is provided by polystable holomor- 
phic principal bundles over Kahler-Einstein manifolds. Recall that this theorem states 
that if a holomorphic principal G c -bundle (E c , I) is (Mumford-Takemoto) polystable with 
respect to a Kahler class fiona compact complex manifold X, then for any Kahler form 
weO there exists a reduction H of (E c , I) to G which is HYM with respect to u. 

Let (X,L) be a compact polarised manifold whose first Chern class Ci(X) satisfies 

Cl (X) = \c x {L) 

for some A G Z. When A < (e.g. if X is a high degree hypersurface of P m ), X has 
finite group of automorphisms and by the above result of Aubin and Yau, there exists a 
unique Kahler-Einstein metric uo G ci(L). If A = 0, then by Yau's a solution to Calabi's 
Conjecture (see e.g. [BJ Theorem 11.7]), there exists a unique Ricci flat metric on c\(L). As 
the dimension of the group of automorphisms of such manifolds is equal to its first Betti 
number (see (BJ Remark 11.22]), the simply connected ones (e.g. K3 surfaces) are complex 
Ricci flat manifolds with finite group of automorphisms. If A > 0, it is unknown in general 
whether X carries or not a Kahler-Einstein metric. Let us restrict to the case 

X = P 2 (t mP 2 , 

the complex surface obtained by blowing up P 2 at m generic points (see [53]). If we take 
m such that 3 < m < 8 then c\{X) > 0, X has finite automorphism group (see [521 
Remark 3.12]) and it was proved in [53] that X admits a Kahler-Einstein metric. 
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On the other hand, given a polarised projective manifold (X, L) (without any assumption 
on ci(X)), an asymptotic result of Maruyama |UJ states that there exist ci(L)-stable vector 
bundles E over X of rank r, provided that r > dimX > 2 and 

c 2 (E) -Ci(L) n - 2 >0. (5.10) 

If X has finite group of automorphisms and it is endowed with a Kahler-Einstein metric 
u) G ci(L) as before, then we can apply Theorem 14.181 

Example 5.8. Let (X,u) be a Kahler-Einstein manifold. Then a; is a cscK metric, which 
determines a Hermitian- Yang-Mills metric H on the tangent bundle E c = TX. The pair 
(u, H) is a solution to (13.601) with a\ = 0, but it is not a solution with a.\ ^ unless 
the Chern connection of H is flat. If Ci(X) < 0, then there are no non-zero Hamiltonian 
holomorphic vector fields over X, so F^n = = and as in Theorem 14.181 (0, fl) 

has an open neig hbourhood U C R X H 1 ' 1 ^, M) such that for all (5,0) € 17, there 
exists a solution (£, i7) to the coupled equations (I3.60p with coupling constants satisfying 
oti/a.Q = a and [u] = Q. 

We will now construct an example where the a-Futaki character Ti obstructs the exis- 
tence of solutions to the coupled equations for small ratio of the coupling constants. 

Example 5.9. Let (X,u) be a Kahler manifold such that u is not a cscK metric but it 
is extremal (e.g. CP 2 blown up at one point [9]). Recall from §4.11 that the extremality 
condition is equivalent to the condition that S u is the Hamiltonian function of a real 
holomorphic Killing vector field rj. Since u is not a cscK metric, it follows from (I3.67P 
and (14.53P that the classical Futaki character of the Kahler class Q = [u] evaluated at rj is 

(7o,si,'?)= / (5 W - SfuW > 0. 
Jx 

Note that rj lifts to a holomorphic vector field £ e Lie Aut(TX) on the holomorphic tangent 
bundle E c = TX of X. It follows from (13.671) that the a-Futaki character J-j evaluated at 
( is positive for sufficiently small values of ar/ao > 0. Hence the pair (X, TX) does not 
admit a solution (ou, H) to (13.601) with wgH and these values of the coupling constants. 

Given an arbitrary holomorphic principal G c -bundle E c over X, the obstruction to lift 
a holomorphic vector field on X to a G c -invariant holomorphic vector field on E c lies in 
H l (X, a.dE c ) (cf. (I1.20p ). Note that when G c = C*, the previous argument always applies. 

5.4. CscK metrics on ruled manifolds. We now briefly discuss the relation between 
equation (I5.6p . given by the limit 

«o — > 

in (10. 2p . and the existence of solutions to the cscK equation on ruled manifolds. We will 
use existence results of Y. J. Hong [281 [29] . 

Let (X, J, u) be a compact Kahler manifold with constant scalar curvature and E a 
holomorphic stable vector bundle of degree zero over X (examples of this type were already 
provided in §5.3p . Let H be a Hermitian metric on E whose Chern connection A is HYM 
(it exists by the Donaldson-Uhlenbeck-Yau Theorem [16l|55]). Let L be the tautological 
bundle over the projectivised bundle F(E) of E and Fx L * the curvature of the connection 
induced by A on L*. Then the 2-form 
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is non-degenerate on the fibres and in fact it induces the Fubini-Study metric, so 

£fc = ^-F K + kir*uj 

271 

is a Kahler metric on ¥(E) for k large enough. When the automorphism group of (X, J) 
is finite, Y.J. Hong [28] used a deformation argument to prove that the cohomology class 
pfc] contains a cscK metric for k ^> 0. Let Q be the extended gauge group of the frame 
PU(r)-bundle of the Hermitian vector bundle (E, H) and Qi C Q the stabilizer of the 
connection A. The assumption on AutX was removed in [29] (see [29, Definition LA]), 
under the additional conditions that the subgroup 

Qi C Aut ¥(E) 

is finite and 

A£(tr F A MiF A + tr F A A Pu) + F A A F A ) = const.. (5.11) 
Since c\(E) = 0, this second condition reduces to 

4c 

AltT(F A AF A ) = -^—^^R. 

The condition (15. lip appears when one splits the linearization of the cscK equation on 
¥(E) into vertical and horizontal parts with respect to the connection A. 

Hence we conclude that when C\{E) = and Qj is finite, the existence of a solution 
to ( 15. 6p is a sufficient condition for the existence of a cscK metric in the cohomology class 
[cDfc] for k ^> (see [2§J Theorem III.A]). We would like to study further this relation, 
trying to prove that the existence of solutions to the coupled equations for small ^ > 
implies the existence of constant scalar curvature Kahler metrics on F(E) with Kahler class 
kci(L) for large k. This would provide a generalization of Hong's results in [29J. 
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